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Abstract

The principles, techniques and results from dielectric-constant gas thermometry (DCGT) are
reviewed. Primary DCGT with helium has been used for measuring 7-Tgp below the triple
point of water (TPW), where T is the thermodynamic temperature and Tog is the temperature
on the international temperature scale of 1990 (IT'S-90), and, in an inverse regime with T

as input quantity, for determining the Boltzmann constant at the TPW. Furthermore, DCGT
allows the determination of several 1mportant material properties including the polarizability

of neon and argon as well as the virial coefficients of helium, neon, and argon. With
interpolating DCGT (IDCGT), the ITS-90 has been approximated in the temperature range
from 4X to 25 K. An overview and uncertainty budget for each of these applications of DCGT
is provided, accompanied by corroborating evidence from the literature or, for IDCGT, a

CIPM key comparison.

Keywords: thermometry, dielectric constant, Boltzmann constant polarizability, viral
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1. Introduction

The dielectric-constant gas thermometry (DCGT) devel-
oped in the 1970’s in the U K [1, 2], and later improved by
Physikalisch-Technische Bundesanstalt [3—7], is now a well
established method of primary thermometry. Except for pres-
sure measurement, DCGT has sources of error, which are quite

different from those of other primary-thermometry methods

based on the thermal equation of state of ideal gases [8].
Compared with the classical constant-volume gas thermom-
etry, it has the advantage that the gas density is measured in-
situ via the dielectric constant, Thus, DCGT does not require
knowledge of the number of moles present in the gas bulb.
The paper reviews the principles, techniques and results
from DCGT. In section 2, working equations for the evalua-
tion of isotherm measurements are derived from basic statis-
tical equations for a real gas. These working equations allow
deduction of the ideal-gas behaviour by extrapolation to zeto
pressure. The experimental setup is described in section 3, and
a general uncertainty budget is presented in section 4. In the
following sections, the application of DCGT is discussed for
primary thermometty at low temperatures (section 5), the deter-
mination of gas properties (section 6), the determination of the
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Boltzmann constant at the triple point of water (section 7),
and the interpolation between fixed-point temperatures in the
range from 4K to 25K (section-8). Finally, conclusions and an
outlook are given,

2. DCGT principle

2.1, Basic equations

The basic idea of DCGT is to replace the density in the state
equation of a gas by the dielectric constant and to measure this
constant by the capacitance changes of a capacitor filled with
gas at different pressures and constant temperature (measure-
ment of isotherms). If the gas particles do not interact (ideal
gas), the working equation can be simply derived by com-
bining the classical ideal-gas law and the CIausius—Mossotti
equation,

For a real gas in a general formulation mcludmg electrical
fields, both input equations are power series containing dif-
ferent virial coefficients [3]:

RT B* (C*
p= V(1+7—+—‘}2_+ ) 03]
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In these equations p is the pressure, T the thermodynamic
temperature, R the molar gas constant, V the molar volume,
B and C the second (pair) and third (mainly triplet) density
virial coefficients, b* and ¢* the second and third dielectric
virial coefficients, 4, the.molar. polarizability, & the electric
constant, &, the relative dielectric constant, and D the elec-
tric displacement. The density virial coefficients describe
the multi-particle interaction during mechanical scattering,
wheteas the dielectric virial coefficients consider the electrical
multipole interaction. In conventional constant-volume gas
thermometty, no electric fields exist (D = 0), i.e. B "= B and
C" = C, The electric terms in equations (2) are only theoreti-
cally important, because the integrability condition
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resulting from Gibbs fundamental thermodynamic equations,
is not fulfilted without them, but under the experimental con-
ditions of DCGT they can be neglected, From (3) the virial
expansion of the Clausius-Mossotti equation is obtained
neglecting higher-order terms:

g1 AE( b ¢ )
S R A |
a+2 V v V2 ©)
with
b= b+ 2A,andc = c* + 4A,b* + 4AZ, (6)

where b and ¢ ate the dielectric virial coefficients usually used
for DCGT.

A combination of equations (1) and (5) eliminates the molar
volume V (see following section), The dielectric constant can
be determined by measurements of the capacitance C(p) of a
capacitor, which is filled between its electrodes with gas of
pressure p, and of the capacitance C(0) of the same capacitor
at zero pressure. This works ideally only for a pressure-inde-
pendent configuration of the capacitor, In practice, changes
of the electrode geometry with pressure are unavoidable and
have to be taken into account, Applying the formulas for the
capacitance given in [9], it can be shown that for a capacitor,
which consists of cylindrical inner and outer electrode, the
pressure dependence is linear to a good approximation:

Clp) = &C0) (1+Kep), Q)

even if the two electrode axes are eccentric and not parallel,
Here rqpr is an effective compressibility of the complete capac-
itor assembly, In a suilable design it is nearly equal to the
linear compressibility of the electrode bulk material, However
it is a system parameter, which has to be determined for each
individual design.

DCGT can be used as a primary thermometer only if the
molar polarizability A, contained in the Clausius-Mossotti
equation (equation (5)) is known from fundamental prin-
ciples or independent thermodynamic measurements with
sufficient accuracy. A, is defined as A, = Naao/(3&p), with
Ny being the Avogadro constant and qp the static electric
dipole polarizability of the gas particles, At present, a suf-
ficiently accurate value for ap, obtained from ab initio cal-
culations, is available only for helium, providing a relative
uncertainty below one part per million (1ppm), are avail-
able [10-12]. The obtained value from [10] is in SI units
ao(*He) = 2.2815133(4) x 1074'Cm? V" and has an uncer-
tainty of 0.2ppm. The ab initio calculations, usually per-
formed in atomic units, yielded exactly the polarizability of
the 1S ground state of the “He atom, adf(*He), which is con-
nected with ap(“He) via the relation

ao(*He) = dmegadad’(“He), (8)

where g is the Bohr radius and g is the fixed electrical con-
stant, With the fundamental constants published by CODATA
in [13], from a{f(“He) given in [10] and its uncertainty one
obtains A,(*He) = 5.1725413(9) x 1077 m® mol~,

2.2, Working equation for low temperatures

The derivation of a DCGT working equation requires to com-
bine the two power series equation (1) with B* = B and C*
= C and equation (5) with & determined from capacitance
measurements corresponding to equation (7). Al tempera-
tures below about 50K, the influence of the gas pressure on
the capacitor dimensions is sufficiently described by using the
lowest order with respect to ke in the power expansion of the
combination of the two series. Using the obsetvable relative
capacitance change

(o) —CO)

o =g — 1 -Feckere p 9

and the substitution p = y/(y +3), the combination yields in
this approximation and neglecting higher-order terms the fol-
lowing power expansion for the pressure p at a fixed tempera-
ture T

p = Ap(l+Aop + Ag + .., (10)
with the coefficients
Al = (AJRT) + ket 13)7, (1D
Ay = (B(T) = b(T)IAs, (12)
A~ C(TAZ. (13)

This equation was the basis for the DCGT measurements
described e.g. in [1, 3, 14, 15]. The coefficients Ay, Az, and
Aj; can be determined by fitling to a sufficient number of data
pairs (o, p) (i = 1, 2, ..., n) obtained at the same tempera-
ture. For such a single-isotherm fit (SIF), the thermodynamic
temperature can be deduced from Aq via equation (11). But
as shown in [16], an enormous decrease of the uncertainty is
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achieved if the experimental data for a large number of iso- RT B C D

therms are fitted together applying appropriate seties for the p= '“‘;“(1 + v + V2 + “‘}T) (18)

temperature dependencies of the virial coefficients, e.g. and
B(T)-K(T) =Y, BT, (14) &1 ﬂ( LA ) |

i &e+2 V Vo ov:oW (19)

Cr) = Z GT Again, the working equation should allow a fit of the mea-

P (15)  sured DCGT isotherms with a linear series expansion, and it

By inserting equations (11)-(15) in equation (10), while using
for equation (11) the approximation

2
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one obtains if terms with products of k. and the virial coef-
ficients are neglected
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where ATs = Tncar—Ts. Here, Tpear is the temperature deter-
mined by DCGT, and Ty is the temperature measured with a
thermometer carrying some practical scale, Equation (17) is
linear in the functions of the argument 1. Omitting the second
term on the left-hand side for the time being, it can be fitted
by a least-square method to all pairs (py, py) to get the coef-
ficients B; and Cy with [ =1, 2, ..., g (g number of isotherms)
and i =1, 2, ..., ny (n; number of measurements on the isotherm
[). But this mulli-isotherm fit (MIF) is not a true surface fit
because only |4is the fit variable, An information on tempera-
ture, being the:second variable in a triplet (py, Ty, L), can
be deduced only via the determination of correction ATg on
the left-hand side of (17) from the fit residuals, This has to be
done by an iteration procedure assuming an equal value AT
for all measurements on a single isotherm. The iteration starts
with ATg = 0. Then the AT are recalculated step by step and
added to the isotherm temperatures Tgysear, used for the first
iteration step, (Tsy= Tisigtart + ATsy) to improve the fit until con-
vergence is reached at the desired uncertainty level. It should
be emphasized that the particular choice of the Tgygay has no
influence on the results at the end of the iteration, The applica-
tion of equation (17) decreases very powerful the uncertainty
because the complete ensemble of experimental data is used
for one fit.

2.3. Extended working equation

For temperatures above about 50K, including measurements
near the TPW, the determination of the virial coefficients
requires higher orders to be considered in the working equa-
tion compared with the low-temperature one. (This extension
has no effect on the results for the determination of the ther-
modynamic temperature T or the Boltzmann constant k, which
are deduced from the linear ideal-gas term of the working
equation.) Considering terms up to the fourth virial coeffi-
cients, the virial expansions are given by

should not contain the volume V. Using the two abbreviations
b g —1

=22 v D andy=
Vv vy r= e+2

Equations (18) and (19) can be rearranged as follows:

~ 1 B c

Pt (%(1 +x)) i (%(1 +x))2 * (ﬂyi(l +x))3
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and

M4ny=|to>t gy, d

(%(1 +x)) (%(1 +x))2 (%’é(l +x))3
(1)

To find a linear approximation of the problem, the terms con-
taining x in the denominator are expanded applying the bino-
mial series, In view of the smallness of the dielectric virial
coefficients, this is done first for equation (21) considering
only the first expansion terms, A rearrangement and a further
expansion of the result yields x as a function of A, y, b, ¢, d,
i.e. the volume V is removed as necessary. The derived expres-
sion for x(A,, y, b, ¢, d) is inserted in equation (20), which is
expanded considering the first and second expansion terms.
Then the theoretical working equation is obtained taking into
account only terms up to order four in y,

For the quantity x, which is equal to y for &g = 0, it follows
from equation (9):

3y~-1)
3+ xerp(1 + 2y) '

Replacing in the small correction term i p(1 + 2y) the pres-
sure p by yRT/A, and the ratio y by y yields

U

p=1+ (22)

y= I_I_xe“RT lcmRT(ﬂ 2 23)
which can be expanded with the result
po Hp- ~ 27y
O ey

Insertion of equation (24) in the theoretical working equa-
tion leads with equation (11) to
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The terms with the factor 1/RT" in second and (1/RT)? in third
order are similar to those taken into account in [1], but with
the dilference that in equation (25) the higher-order terms are

_multiplied by powers of A ;. This facilitates better consideration
of the effects of compressibility. In the approach, which was
sufficient for measurements at low temperatures, all higher-
order terms were simply multiplied by A1, see section 2.2, As
a rule of thumbs, following from equation (11), the impact of
Keogr and higher order terms decreases with increasing polariz~
ability and decreasing temperature,

3. Experimental setup

3.1. Measuring capacitors

Though toroidal (ting) cross capacitors may have advantages
[17, 18], up to now all groups have used cylindrical measuting
capacitots for DCGT [1, 2, 6, 15, 19]. As desctibed in [5], in
an ideal cylindrical capacitor design, only the relative change
Al(p)/l(p =0) of the electrode length /is relevant, i.e. ke is one
third of the volume compressibility of the electrode material,
which is the inverse of the bulk modulus. This elastic prop-
erty can be determined with resonant ultrasound spectroscopy
(RUS) [20, 21], which uses normal-mode resonance frequen-
cigs of free vibration as well as data on the shape and the
mass of the sample. But it has to be considered that the com-
pressibility measured by RUS is the adiabatic one, whereas
for the DCGT the isothermal compressibility is needed. For
the conversion from the adiabatic kyq to the isothermal value
Kiso» Griineisen has derived the relation Kigo = Kea - TVwayCy
[22], with the molar volume V,, the thermal-expansion coef-
ficient ay and the molar specific heat capacity Cp at constant
pressure,

The effective compressibility may also be influenced by an

eccentricity of the capacitor electrodes and an eccentric tilt

as well as the change in stray capacitances and a relative dis-
placement of the electrodes under pressure. Furthermore, in
reality, a rigid capacitor is a complicated geometrical object
because electrically isolating pieces and stabilizing screws
are necessary. Thus, the isothermal compressibility of a com-
posite has to be determined. Using tungsten catbide (elec-
trodes) and dluminium oxide (isolating discs) as construction
materials, for the design described in [19], a relative standard
uncertainty of 0.17% was achieved at the TPW, as reported
in [6]. This was possible by checking the mounting of the
electrodes applying a cootdinate measuring machine. Tn addi-
tion, simulations with the finite~element method regarding the
influences of the relative displacernent of the electrodes and
stray capacitances have been performed.

2
. 2. 2Kl 2Kell (15 _.
) (C2Bb + 207 - ¢) + 2t 4 20 B)}

3
3 (7;7) [D - d — 3bC — 2Bc + 5bc + 5b?B — 2b%] ~ 23)

(L)zxeff[~23b Lo C—c] + é(ﬂ)zw ~b) + (ﬁff_)(B ~b)

3 3RTA,

3.2, Temperature control and measurement

Both at low temperatures and near to the TPW, the tempera-
ture can be controlled well within one tenth of a millikelvin

under steady-state conditions over long time periods of weeks-

if (i) all thermometers are thermally anchored to a central
copper piece with high thermal conductivity and (ii) this mea-
suring assembly is surrounded by an isothermal shield and
placed within a vacyum can for thermal isolation [4, 14, 18,
23], Furthermore, the uncertainty component due to static
temperature-measurement errors can be decreased to the same
sufficient level. Using capsule-type platinum or thodium-iron
resistance thermometers and commercial resistance mea-
suring bridges calibrated traceably to the national standards,
the overall uncertainty of the temperature measurement with
respect to ITS-90 or the TPW temperature can reach an order
of a few tenth of a millikelvin [6, 14, 24].

Special problems are caused by unavoidable features of the
DCGT experimental setup. During the experiments, the tem-
perature of the capacitor electrodes inside the pressure ves-
sels cannot be measured directly. It is not possible to place
thermometers inside the vessels because of the requirement
to guatantee a high purity of the measuring gas. During such
measurements, the flow of the measuring gas for changing the
pressure inside the pressure vessel causes warming or cooling
and thus temporary temperature changes. It is, therefore,
necessary to investigate the thermal recovery of the system
in order to reduce dynamic temperature-measurement etrors.
Such investigations wete especially performed for a huge
measuring system with a very slow thermal recovery due to
its large mass and thus heat capacity [18, 23]. This system was
used for the determination of the Bolizmann constant at the
TPW [5, 6], see section 7. Dedicated experiments have been
performed by simulating the gas-flow-induced temperature
changes via the application of heat pulses. The experimental
results have been compared with theoretical calculations based
both on simple rough models and finite-element methods. The
investigations yielded an agreement between experiment and
theory, which is sufficient for deducing the temperature of the
capacitor electrodes inside the pressure vessels with an uncer-
tainty of order one tenth of a millikelvin, Under the real exper-
imental conditions, this theoretical description of the recovery
is of course accompanied by a careful observation of the drift
of the capacitance values with time,

3.8, Capacitance measurement

Helium is the only measuring gas, the polarizability of which
can be calculated theoretically with the necessary telative
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uncertainty well below 1 ppm, see section 2.1, But the polariz-
ability of helium is very small. To give an example, at a pres-
sure of 0.1 MPa and at the TPW, the electric susceptibility of
helium has only a value of 7 X 1075, Though pressures up to
7MPa are used in [5, 6], a high-resolution and high-precision
bridge is needed that allows to measure small capacitance
changes of at most a few 0.1% with a relative standard uncer-
tainty below 1ppm, ie. with an uncertainty relative to the
capacitance value of order (one part per billion) 1 ppb.

These extreme demands cannot be fulfilled with commer-
cial capacitance measurement equipment, Therefore, at PTB
two quite different custom-made bridges are used for meas-
uring the relative capacitance changes, namely a bridge cir-
cuit based on'a nine-decade high-precision inductive voltage
divider IVD) [3] and an autotransformer ratio capacitance
bridge with a high-precision 1:1 TVD and current injection
[25]. The uncertainty estimates presented in [25] show that the
necessary uncertainty can be obtained only because the meas-
urements of C(p) and C(0), to be inserted in equation (9), are
correlated and the measuring circuit is fully symmetric. (As
sketched in figure 1, the reference capacitor is also located in
the measuring system within the vacuum chamber.) Within the
upper ratio-error limits of the nine-decade IVD of 10ppb, no
discrepancies have been found between the two home-made
bridges.

The bridges are not applied under ideal measuring con-
ditions because the capacitors have to be placed within a
cryostat or a thetmostat. This causes large parasitic imped-
ances due to, e.g. long measuring coaxial cables and non-
ideal connections to the reference point of the network. For
each experiment, it is necessary to optimise the capacitance
measurement"‘:testing the individual conditions, see [6, 14, 26]
for details, ThIS concerns especially (i) the reduction of the
interference induced by external magnetic fluxes based on
a careful analysis of the network as recommended in [27],
and (ii) the improvement of the resolution by decteasing the
parasitic capacitance to ground, using low-noise cables, and
narrowing the bandwidth, At all pressures, capacitance meas-
urements were performed for the two opposite connections
of the high-level terminals of the measuring and reference
capacitors to the bridge. This yields information on the Type
B uncertainty component of the inductive voltage divider
and the consistency of the data. Furthermore, it increases the
additional, statistical information on the errors of the IVD
decades used for balancing the bridge (Type A uncertainty
component),

3.4. Gas-handling system and purity analysls

The highest requirements regarding the putity of the mea-
suring gas result from the determination of the Boltzmann
constant at the TPW using helium, Impurities should not cause
arelative change of the result by more than 1 ppm. To prevent
contamination of the helium of nominal purity 99.99999%
during handling, the gas purifier (adsorber) Micro Tort SP70
from SAES Pure Gas, Inc,, and the helium purifier (getter)
HP2 from Valco Instruments, Co. Inc., have been incorpo-
rated in the ultra-high-purity gas-handling system described

in[5, 6] L. (For the getter, the specified upper limit for water and
the other relevant impurities beside noble gases is 10 parts per
billion, For the adsorber, the specified upper limit for water and
the other relevant impurities beside noble gases is 0.1 parts per
billion.) After each measurement of an isotherm, which lasted
usually one week, the measuring gas was analysed with the aid
of a mass spectrometer (GAM 400, InProcess Instruments) to
check for a possible contamination especially due to outgas-
sing from the different pieces inside the pressure vessel. The
analysis has been developed further by evaluating the spectra
absolutely (without the self correction of the s pectrometer) and
removing the background (noise and other parasitic signals)
more efficient by frequent switching between measuring gas
from the capacitor and original gas from the supplied bottle.
The detection limit for noble gas contaminations is 10 ppb. The
most problematic impurity is watetr because it has a polariz-
ability 160 times larger than that of helium. Thus, the detection
limit of 20 parts per billion would cause an uncettainty com-
ponent of order 1 ppm applying a rectangular distribution. But
considering the specification of the adsorber 1 ppm seems to be
a reliable upper estimate for an overall uncertainty component
including all relevant impurities.

83.5. Pressure measurement

The requirements regarding absolute pressure measure-
ments are quite different for the various application fields of
DCGT. This ranges from measuring pressures down to about
0.01 MPa with a relative uncertainty of order 10 ppm (primary
thermometry down to about 2.5K) to measuring pressures up
to 7MPa with a relative uncertainty of order 1 ppm (determi-
nation of the Boltzmann constant at the TPW). These require-
ments can be fulfilled only by using pressure balances, which
act moreover as pressure stabiliser. For the second goal, it was
necessary to characterise pressure balances with an unprec-
edented quality and even to improve the national standard of
PTB significantly. A system of special pressure balances, as
outlined in [28, 29], was designed, constructed and evaluated
[30-33], see also the summary in [5]. The system includes
two pressure-balance platforms, three piston-cylinder units
(PCUs) with effective areas of 20cm? and three 2cm? PCUS,
Traceability to the SI base units up to 7MPa was realised in
two steps. First, the zero pressure effective areas of the 20 cm?
PCUs have been determined from dimensional measurements,
Second, the 2em? PCUs have been calibrated against the
20cm? PCUs by cross-float compatisons. The calibration of
the mass pieces traceable to the national mass standards and
the accurate determination of the local gravity acceleration
did not cause special challenges,

For the pressure measutement between about 0.01 MPa.
and 0.3MPa two pressure balances with 3cm? PCUs were
calibrated traceably to the national standard of PTB with a
relative uncertainty of 5 ppm, In 1996, the calibration was per-
formed against a mercury manometer, The stability has been

! Identification of commercial equipment and materials in this paper does
not imply recommendation or endorsement by PTB, nor does it imply that
the equipment and wmaterials identified are necessurily the best available for
the purpose.
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Figure 1. Schematic skeich of the DCGT setup used at PTB (reference capacitor Creg on the left, measuring capacitor Ciies on the right).
Three quantities have to be measuted: pressure p, capacitance ratio leading to the quantity # and resistance ratio leading to temperature T
via the calibrated thermometer resistance Ryr and a calibrated standard resistor Rsiand.

verified by cross-floating measutrements with the two systems
in 2004 [26] and with the 20 cm? PCUs mentioned above in
2014.

The in-situ measurement of the gas density in DCGT
allows to make the inner diameter of the pressure sensing
tubes so large that the thermomolecular pressure difference
between the gas bulb at the measuring temperature and the
pressure sensor at room temperafure is negligible even at the
lowest temperatures and pressures. Thus, a correction consid-
ering this effect is not necessary. But another correction has
to be applied very carefully, namely the so-called aerostatic
head cortection caused by the pressure difference produced
by the gas columns between the bulb and the sensor. For cal-
culating the head correction, the temperature along the tubes
has to be controlled and measured. Its uncertainty can be
ultimately decreased by isolating the tubes thermatly, e.g. by
leading them through vacuum, and concentrating temperature
gradients at horizontal tube pieces. Taking these measures,
the resulting uncettainty component could be reduced below
10ppm both for helium at 2.4 K [14] and neon at 23K and
above [15]. Here the contribution of the tube pieces at low
temperatures is largest due to the high gas density. Thermal
isolation and controlling of the tempetature along the whole
tubes is also important for the stability of the pressure distri-
bution and thus the DCGT measurement in general [6].

4. Uncertainty budgets

For all DCGT results obtained at PTB, uncertainty budgets
have been established in accordance with the Guide to the
Expression of Uncertainty in Measurement [34], see [3-6,
14, 15, 24, 35]. Some of these uncertainty budgets are also
given in sections 5 to 8. The relevant components are listed
in table 1 together with some comments. The direct access
to the uncertainty estimates is hindered because the final
result (T or A/R) is contained in the parameter Ay, see equa-
tion (11), which is gained by fitting (SIFs or even MIFs).
Therefore, the statistical information for estimating the type

A components has been deduced by Monte-Carlo simulations
(MCSs). Fortunately, this allows also consideration of the
pressure dependence of the uncertainty sources. The simula-~
tions can be performed with data sets randomized with the
standard deviation of the specific quantity. Furthermore, the
combined type A estimate can often be corroborated by the
compatison of the results obtained applying different fits. The
type B components consider uncertainty sources, which influ-
ence the result systematically,

The first seven components are already discussed in the
sections specified in the second column., The component
caused by impurity surface layers (dielectric films) is vsually
very small if the layers are stable between the measurement
of C(p) and C(0). The influence of layers of the measuring
gas is more complicated because it is dependent on pressure.
Its treatment requires investigation of the difference between
C(0) values obtained immediately before and after an isotherm
measutement and to consider literature data on the number of
mono-layers covering the capacitor electrodes in dependence
on pressute (adsorption isotherms) [14]. The last two uncer-
tainty components listed in table 1 are specific for primary
and interpolating thermomelry, respectively, over extended
temperature ranges. For the determination of thermophysical
properties of the measuring gas, only a subset of components
is relevant, see section 6.

5. Primary thermometry at low temperatures

Primary DCGT data has been obtained at PTB with two quite
different apparatuses. Only the bridge circuit based on a nine-
decade high-precision IVD, see section 3.3, was used in both
measurement campaigns. The obtained data sets are called
DCGT1 (228 triplets (py, T, py) in the temperature range
from 4.2K to 27K), published graphically in [3], and DCGT2
(174 teiplets (pigs Ty, par) from 3.7K to 27K), published in its
entirety as a table in [4]. Both data sels have been evaluated
applying linear least-squares MIFs with equation (17) and
orthogonal functions [36]. Data set DCGT2 was combined
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Table 1. Overview of the components of uncertainty budgefs for DCGT results.

Component

Comments

Susceptibility measurement (capacitance change)
Determination of effective compressibility
Pressure measurement

Head correction (pressure of gas columns)
Temperature measurement

Impurities (measuring gas)

Polarizability (measuring gas)

Surface layers (impurities)

Surface layers (measuring gas)

Influence of temperature expansions for the virial coefficients like
equations (14) and (15)

Deviation from ideal gas law

Type A and B, capacitor and bridge, see sections 3.1 and 3.3
Type B, RUS, FEM, see section 3,1

Type A and B see section 3.5

Type B, see section 3.5

Type A and B (traceability to the TPW or to fixed-point
temperatures for IDCGT), see section 3.2

Type B, see section 3.4

Ab initio calcylation (He) or expetiment, see section 2.1
Type B

Type B

Type B for MIFs

Type B, IDCGT

with additional data down to 2.4XK in [24], and up to 36K in
[15]. In the latter paper, results obtained with *He and Ne as
measuring gases are also discussed. The *He data and addi-
tional data for “He at 84 K (triple point of Ar), 120K, 130K,
and 140K, to be published elsewhere [37], were treated per-
forming SIFs.

The DCGT setup applied for determining data set DCGT2
is described extensively in [24], and in full detail in [14].

“The main improvements compared with the setup used in

[3] are (i) a better temperature stability and homogeneity,
(i) an improved capacitance measurement due (o an inclu-
sion of the reference capacitor inside the cryostat (symmetric
capacitance-bridge circuit) and averaging over long periods
in view of the good temperature stability, and (iii) a smaller
uncertainty of pressure measurement due to a better calibra-
tion of the pressure balances and more reliable p corrections.
These improvements besides others lead to a reduction in the
uncertainty of Thear by a factor of two compared with [3].
As an example, table 2 shows the uncertainty budget estab-
lished in [14, 24]. The seventh component listed in table 1
is here smaller than 0.01 mK, and the last component is not
applicable.

For evaluating the data and estimating the uncertainty com-
ponents, different methods wete applied. The main variations
are as follows:

6.1 Determination of the effective cormpressibility

Until 2010, the effective compressibility was deduced from
DCGT measurements at the triple point of Ar assuming that
the temperature value Too(Ar) = 83.8058 K, which is defined
for this fixed point in the text of the ITS-90, sufficiently
approximates the thermodynamic one. The temperature
dependence of Keg is so small that it could be considered as
additional uncertainty component. Later on it became clear
that Top(Ar) is above the thermodynamic scale by (2-3)mK

[37, 38]. To have a self-consistent determination of xey, a *

new methodology has been developed [37, 39]. It starts with
DCGT measurements at the TPW and RUS results between
230K and 330K, and utilises the relationship between the
thermal expansion and the temperature dependence of the
compressibility of solids that was first derived by Griineisen
[40] applying fundamental thermodynamic relations and

Table 2. Uncertainty budget for three temperature values resulting
from a multi-isotherm fit (MIF) to DCGT data (the uncertainty
estimates for the different expansions for the temperature
dependence of the virial coefficients (equations (14) and (15)) are
practically the same, i.e. only one budget is necessary for each
temperature), The estimates are given in mK.,

Component 24K 12K 260K
Monte-Carlo simulations (type A components)®

Susceptibility measurement 0.03 0.07 0.14
(capacitance change)

Pressure repeatability 0.03 0.02 0.03
Temperature instability 0.02 0.03 0.06
“He layers 0.12 0.15 0.19
Effective compressibility 0.01 0.03 0.16
Type B estimates®

Pressure (effective area) 0.01 0.06 0.13
Impurity layers 0.01 0.02 0.04
Impurities in the gas 0.01 0.04 0.07
Head correction 0.02 0.03 0.03

Influence of expansions for the virial coefficients®

Temperature expansions 0.01 0.03 0.23
Combined standard 0.13 0.19 0.40
uncertainty

® These uncertainties are based on Monte-Carlo simulations performed with
one hundred data sets randomized with the standard deviation of the specific
quantity,

b These uncertainties ate based on calibrations and comparisons of pressure
balances for determining the effective atea, on literature data for the typical
thickness of impurity fayers on the capacitor plates, and analysis data (mass
spectroscopy) for impurity concentrations in the measuring gas.

¢ This uncertainty component considers the deviations between the results
obtained for the different expansions for the temperature dependence of the
virtal coefficients.

making reasonable phenomenological approximations, The
thermal expansion can be measured in-situ via the resulting
change of the capacitance of the cylindrical capacitors. The
methodology has been checked by compatison with literature
data, e.g. for Cu.

5.2. Expansions for the temperature dependeance of the virial
coefficients

Data set DCGT' has been evaluated in [3] and [41] using dif-
ferent expansions for the temperature dependence of the virial
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coefficients. For data set DCGT?2, several different expansions
have been tested, too. But only the most recent ones, presented
in [4], have a complete theoretical basis [42, 437

B(T) = by+ byT™' 54 baT~'+ b4T, (26)

CT) = ¢+ T3+ 3T 2+ T4, @n
These expansions have been used in [15] for B(T)—b(T) and
C(T), respectively, cf. equations (14) and (15).

5.3. Estimation of the uncertainty of the MiFs

The quality of the MIFs was evaluated in [3] applying three
statistical ctiteria. One was the variance of the data calcu-
lated from their deviations from the fit functions. But the
three criteria did not allow selecting one best fit. All accept-
able fits were called ‘best fits’, and the uncertainty of the fit
results was mainly estimated from the maximum difference
between the ‘best fits’. Another way was used since 2008 [14,
15, 241: For obtaining statistical information, Monte-Catlo
simulations have been performed, Here the input quantities
are randomised, where the variation of the random numbers
corresponds to the level of the uncertainty estimated for the
specific quantity.

5.4, Estimation of the influence of surface layers

The maximum possible influence of stable surface layer was
estimated in [3] by comparing the results obtained with two
measuring capacitors, the history and handling of which were
quite different, The effects due to films of condensed impuri-
ties and helium were treated considering the investigations in
[1, 44]. Alternatively, the influence of layers of the measuring
gas was cortected for in [14, 24] (Helium) and [15] (neon). In
each case, the correction was based on two measutements of
C(0) (before and after the measurement of C(p)) and literature
data on adsorption isotherms,

The differences between the results of the vatious evalu-
ations are always within the estimated uncertainties, The
DCGT scales were first of all compared with the constant-
volume gas-thermometry scale NPL-75 [45] of the National
Physical Laboratory, UK, being one of the bases of the IT'S-90.
The NPL-75 has been suppotted by later measurements as the
best thermodynamic [38]. Thus, the coincidence of the DCGT
scales with the NPL-75 within the uncertainty limits corrobo-
rates the usefulness of DCGT for primary thermometry,

6. Determination of gas properties

Applying STFs with equations (10) or (25) and/or MIFs with
equation (17), the following thermophysical properties have
been determined with DCGT (the measurement temperaturcs
ate given in brackets):
(a) Polarizability:
e [46] (2.5K, 3.2K), Ne [35, 47] (26K-36K, 84K,
120K, TPW), Ar [47] (TPW);

(b) Virial coefficients:
3He [46] (25K, 3.2K), “He [3, 4, 7, 14, 15, 24, 41, 47]
(24K-36K, 84K, 120K, 130K, 140K, TPW), Ne [47]
(23K-36K, 84K, 120K, TPW), Ar [47] (TPW),

According to equations (12) and (25), the determination
of the density virial coefficients requires data on the dielec~
tric virial coefficients. As discussed in section 5, different
methods were applied for evaluating the data and estimating
the uncertainty, Both for the polarizability values and those of
the virial coefficients, the comparison with literature data cor-
roborates the usefulness of DCGT as a tool for investigating
the thermophysical properties of gases.

Because the polarizability of “He is known with the very
small relaiive uncertainty of only 0.2 ppm from ab initio cal-
culations, cf. section 2.1, a simple way was used in [35] for
determining the polarizability of Ne. Isotherms were meas-
ured with “He and Ne at the same temperature 7', Fits of the
two sets of data with equation (10) yielded the coefficient
A((T) for both gases, i.e. a combination of both results by
replacing the thermal energy RT contained in equation (11)
leads to the relation

AHe ANeK e —3
‘ (——-—~‘ o ) ©28)

Ne . paHe 'l
Ai®= AE A[Nc All-[e Keff -3

where the indices He and Ne denote the specific quanti-
ties. Due to the very small polarizability of “He, the expeti-
mental application of equation (28) places, however, extreme
demands on the equipment used for measuring p, T, and p.

For the uncertainty budgets of the virial coefficients, the
Type B uncertainty components, like the effective area of the
piston-cylinder assembly, lead to negligible contributions,
whereas the Type A uncertainty components, like the tempera-~
ture instability and the standard deviation of the capacitance
measurement, coniribute essentially to the combined uncet-
tainty. Examples are given in [4].

7. Determination of the Boltzmann constant

The measurement of DCGT isotherms at a known thermody-
pamic temperature 7' allows determination of the ratio A/R
from the parameter Aq, which is contained in the expansions
used for fitting the data (equations (10) or (25)) and given by
equation (11). In turn this ratio yields the Boltzmann constant
according to the relation

k= (ao/(3e0))! (A/R), (29)
and with equation (8) in atomic units k = 4/3 = ag ("He)ag /
(A IR).

Asappliedin [5, 61, the easiest, absolute way for petforming
this determination of k by inverse primary thermometry is to
do the measurements at the TPW because its thermodynamic
temperature is defined to be Trpy = 273.16 K, But also a rela-
tive way is possible, if thermodynamic data are available away
from the TPW [48]. !

For DCAT at the TPW, at PTB a special experimental setup
has been developed [3, 6] that consists of
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Table 8. Uncertainty budget for the determination of the Boltz-
mann constant £ by dielectric-constant gas thermomeltry at the triple
point of water in 2013, )

Component u(klk; - 100
Type A estimate

Uncertainty of the overall weighted mean of A, 2.6
values from 10 isotherms

Type B estimates

Susceptibility measurement (capacitance 1
change)

Determination of the effective 2.4
compressibility wey

Temperature (traceability to the TPW using 0.3
capsule-type thermometers)

Pressure measurement (7 MPa) 1.0
Head correction (pressure of gas columns) 02
Impurities (measuring gas) 1
Surface layers (impurities) 0.5
Polarizability from ab initio caleulation 0.2
(theory for heliym)

Combined standard uncertainty 4.0

* A large-volume thermostat containing a vacuum-isolated
measuring system, the thermal conditions have been
characterised in detail (section 3.2),

* Stainless-steel and tungsten carbide 10pF cylindrical
capacitors (section 3.1),

* An autotransformer ratio capacitance bridge (section 3.3),

* A high-purity gas-handling system including a mass
spectrometer (section 3.4), and

* Traceably calibrated special pressure balances with
piston-cylinder assemblies having effective areas of 2 cm?
(sectiqgﬂ..S.S).

Progress concerning the design and the assembling of the
measuring capacitor, the determination of its effective com-
pressibility, the sensitivity of the capacitance bridge, the influ-
ence of stray capacitances, the purity of the measuring gas, the
pressure measurement, and the scattering and the evaluation
of the data has yielded a value of the Boltzmann constant of
k = 1.3806509 x 10~ FK~!, The uncertainty budget for this
value is given in table 3.

The last three components listed in table 1 are here negligible
or not applicable. Compared with the budget presented in [6] the
estimate for the pessure measurement is reduced from 1.9 ppm
to 1.0ppm based on a reanalysis considering recently performed
cross-floating experiments with the six piston-cylinder units
mentioned in section 3.5 [33]. The uncertainty of the 2013 deter-
mination of k amounts, therefore, to 4.0 ppm. The value for £ is
not changed here because the effective areas determined in 2011
and 2015, see [33], respectively, agree well within the standard
uncertainty estimate of the pressure measurement.

8. Interpolating DCGT

Inthe range from 4K to 25 K, DCGT has been used for approx-
imating the ITS-90 adopting the interpolation equation Tpegr
=a-+ bp + cp® prescribed in the text of the ITS-90 for constant-
volume gas thermometry (CVGT) [41, 49]. The coefficients

a, b, and ¢ have been determined from the DCGT results by
a calibration at the three required fixed points (vapour pres-
sure of “He between 4.2 K and 5.0 K, triple points of hydrogen
and neon). The approximation was done by deducing pres-
sure values from the DCGT measurements for one selected
relative change in capacitance 7> which corresponds nearly to
a constant density of the thermometric gas “He, The devia-
tion between two DCGT interpolations for densities of about
300molm™? and 500 molm™? s negligible compared with the
non-uniqueness of the ITS-90 [50]. The standard uncertainty
of the interpolation with 500 mol m~3 ranges from 0.23mK at
4.8Kt00.29mK at 25K, These uncertainty estimates are sup-
ported by the results of the CIPM key comparison CCT-K1
‘Realisations of the ITS-90, 0.65K to 24.5561 K, using rho-
dium~iron resistance thermometers’ [51] and by the com-
parison with a copy of a CVGT scale carried on resistance
thermometers [41],

9. Conclusions and outlook

The principles, techniques and application fields of dielectric-
constant gas thermometry are reviewed. Special emphasis is
given to the influences responsible for the main components in
the uncertainty budgets for various DCGT results, Four appli-
cation fields are described in detail, namely primary and inter-
polating thermometry, the determination of the Boltzmann
constant £ at the triple point of water and the investigation of
the thermophysical properties of the measuting gases helium,
neon, and argon, The uncertainty of the already in [6] pub-
lished value k = 1.3806509 x 10~23JK! could be reduced
to 4.0ppm by reanalysing the component connected with the
pressure measurement, Further progress is expected by using
measuring capacitors of a quite different design, namely
toroidal (ring) cross capacitors. This is important because it
would be an independent check of the results based on cylin-
drical capacitors. Additionally, cross capacitors haye several
advantages like less sensitivity to dielectric films on the elec-
trodes and an effective compressibility closer to that resulting
from the volume compressibility of the electrode material,
Considering the experience gained during the DCGT experi-
ments at the TPW, it seems to be realistic to decrease the rela-
tive uncertainty of the Boltzmann constant to a level of only
about (2-3) ppm, which would be sufficient for supporting the
results of acoustic gas thermometry with respect to the new
definition of the base unit kelvin by fixing the k value [52].
The experience gained in investigating thermophysical prop-
erties of gases (particle interaction, polarizability) applying
DCGT will in future also be useful for getting data of tech-
nical gases (e.g. methane, hydrogen and their mixtures being
important for energy storage) that are needed for establishing
equations of state.
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