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Gaiser et al published in 2013 (Metrologia 50 1.7-11) a second, improved value of the
Boltzmann constant k determined by dielectric-constant gas thermometry at the triple

point of water (k = 1.3806509 x 10~ J K™, relative standard uncertainty 4.3 parts per
million (4.3 ppm)). Subsequently, the uncertainty was able to be reduced to 4.0 ppm by
reanalysing the pressure measurement. Since 2013, further progress regarding this primary-
thermometry method has been achieved in terms of the design and the assembly of the
measuring capacitors, the determination of their effective compressibility, the sensitivity of
the capacitance bridge, and the scattering and the evaluation of the data. Based on a huge
amount of data, two new k values have been obtained by applying two different capacitors.
The combination of these two values with the 2013 result; fully taking into account the
correlations, has yielded a final result of k = 13806482 x 1072 J K~ with a relative
standard uncertainty of 1.9 ppm. This value is about 0.2 ppm smaller than the CODATA 2014

one, which has a relative standard uncertainty of 0.57 ppm.

Keywords: Boltzmann constant, kelvin, units, thermometry, polarizability
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1. Introduction

The previous measurement of the Boltzmann constant k at the
triple point of water (TPW) by dielectric-constant gas ther-
mometry (DCGT) is described in detail in [1]. The result was
k= 1.3806509 x 102 J K~! with a relative standard uncer-
tainty of 4.3 ppm. Subsequently, the uncertainty was able to be
reduced to 4.0ppm by reanalysing the pressure measurement
[2, 3]. The fundamentals of DCGT as a primary-thermometry
method, the details of the experimental setup, and the pro-
cedures for the evaluation of the data are described in detail
in [3]. In the present paper, this information is not repeated
fully. Rather, emphasis is given to the progress since 2013 in
reducing the uncertainty by more than a factor of two, and
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to the data being the basis for deducing a final value of the
Boltzmann constant.

To understand this paper it is only necessary to know
the following facts about DCGT. The determination of % is
based on measuring the pressure dependence of the capaci-
tance of a capacitor containing the measuring gas, helium,
at constant temperature, i.e. on measuring isotherms. The
data pairs of pressure and relative capacitance change are
fitted by applying a virial expansion that includes thermo-
dynamic temperature as one of the parameters. In particular,
the fitting coefficient of the first, linear term is given by
A1 = (AJRT + ke/3)"1, where A, is the molar polariz-
ability, R is the molar gas constant, and 7 is the thermody-
namic temperature. g denotes the effective compressibility
of the capacitor, which describes the change of the capaci-
tance due only to the mechanical deformation caused by
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the measuring gas. T is traceable to the temperature of
the TPW and ke is calculated from the material param-
eters of the capacitor. Then, the ratio A/R of two molar
quantities is deduced from A to determine k by applying
the relation k = (g / £0) / (3 Az / R). The atomic dipole
polarizability ap=2.281513 31(23) x 107! C m? y-i
in SI units is caleulated ab initio with a relative standard
uncertainty of 0.1 ppm [4]. The fixed electrical constant &g
and the Bohr radius published in [5] have been used.

The paper is organised as follows, In section 2, we describe
the experimental setup, consisting of a large-volume ther-
mostat, a vacuum-isolated measuring system, two tungsten
catbide 10 pF cylindrical capacitors, an autotransformer
ratio capacitance bridge, a high-purity gas-handling system
including a mass spectrometer, and traceably calibrated spe-
cial pressure balances with piston-cylinder assemblies having
effective areas of 2cm?. The experimental results and the data
evaluation including the uncertainty budget are discussed in
detail in section 3. Section 4 deals with the determination of
the final value of the Boltzmann constant k from the three
values obtained for different capacitors considering all corre-
lations. Finally conclusions are drawn. The mathematics used
for deducing a weighted mean of k values considering the cor-
relations is summarised in an appendix.

2. Experimental setup with improvements

2.1. Thermal conditions within a special thermostat

The measurement of the Boltzmann constant by DCGT
requires one to determine the temperature of the gas and thus
of the capacitor electrodes traceably to the definition of the
base unit kelvin, i.e. to the temperature of the TPW, with a
standard uncertainty of order 0.1 mK. To obtain a thermal
environment of sufficient quality, a three-level arrangement
has been realised in the DCGT experimental setup. Each
capacitor is surrounded by a rigid, metallic pressure vessel,
which is thermally anchored to the 30 mm thick central copper
plate of the measuring system. For checking purposes, the
temperature of the plate is measured with the aid of three cap-
sule-type standard platinum resistance thermometers, which
have been calibrated at the triple points of mercury and water
as well as at the melting point of gallium. Besides the central
plate at the bottom as a heat sink, the system consists of a
top plate, four thick rods connecting the two plates and an
isothermal shield, all made from copper, thus surrounding the
capacitors. In turn, the measuring system is placed within a
vacuum chamber for thermal isolation. Finally, the chamber is
inserted in a huge lquid-bath thermostat. The thermal condi-
tions within the experimental setup have been investigated in
detail as described in three previous papers [6-8]. A photo-
graph and a detailed design drawing of the measuring system
are given in [6].

The liquid-bath thermostat has an overall volume of liguid
of about 800 1 and a central working volume, in which the
vacuum chamber is located, with a diameter of 500 mm and a
height of 650 mm. The temperature stability and the temper-
ature field at the boundary of the working volume with and
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without the chamber have been investigated carefully under
different experimental conditions. It can be verified that,
under optimum conditions, both the instability and the inho-
mogeneity of the temperature in the working volume are well
below 1 mK as necessary [7, 8].

Dedicated experiments described in [6, 7] have shown that
the temperature of the central copper plate can be controlled
well within 0.1 mK under steady-state conditions over time
periods of a few days, Furthermore, the uncertainty comp-
onent due to static temperature-rheasurement errors can be
reduced to the same level. Special problems are caused by
two unavoidable features of the DCGT experimental setup.
First, during the experiments, the temperature of the capac-
itor electrodes inside the pressure vessels cannot be meas-
ured directly. It is not possible to place thermometers inside
the vessels because of the requirement to guarantee a high
purity of the helium gas. Second, due to the huge dimensions
of the capacitors and the surrounding pressure vessels, the
mass of the measuring system and thus its heat capacity are
very large. This makes the thermal recovery of the system
very slow, which is important for the measurements of iso-
therms. During such measurements, the flow of the meas-
uring gas for changing the pressure inside the pressure vessel
causes warming or cooling and thus temporary temperature
changes. Both features require one to investigate the thermal
recovery of the system in order to reduce dynamic tempera-
ture-measurement errors, Dedicated experiments have been
performed by simulating the gas-flow-induced temperature
changes via the application of heat pulses as discussed in
[6, 71. The experimental results are supported by theoretical
calculations based both on simple rough models and finite~
element methods (FEM). The obtained time constants of
the thermal recovery have an order of magnitude of 1h. The
measurement of an isotherm lasts, therefore, at least several
days. These recovery periods allow for deducing the tem-
perature of the capacitor electrodes inside the pressure ves-
sels with a standard uncertainty of order 0.1 mK. Under real
experimental conditions, this theoretical description of the
recovery is of course accompanied by a careful observation
of the drift of the capacitance values with time.

2.2. Design of the measuring capacitors

A challenge for the determination of the Boltzmann con-
stant k with DCGT is the deformation of the capacitor elec-
trodes under the gas pressure, causing a disturbing additional
capacitance change, To give an example: for a cylindrical
capacitor as used here, ¢, of helium leads to a capacitance
change of around 6.6 x 1077 pF Pa~'. The change caused by
the decrease of the lengths of tungsten carbide electrodes is
around —1 x 107! pF Pa~! (in a cylindrical capacitor, the
radial deformation cancels out). Thus, for a determination of &
with a relative standard uncertainty of around 2 ppm, ke bas
to be determined with the necessary small relative standard
uncertainty of less than a tenth of a percent.

The cylindrical capacitors are sketched in figure 1. The two
cylinders, which represent the inner and outer electrodes, are
100mm long. The inner electrode has a diameter of 12 mm;
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Figure 1. Final design of the 10 pF cylindrical composite
capacitor assemblies TC2 and TC3: (1) vacuum flange (stainless
steel); (2) pressure vessel connected to ground (stainless steel);

(3) electrical feed-through; (4) bed-plate (tungsten carbide);

(5) insulating discs (sapphire); (6) cylindrical ground-shield spacer;
(7) outer electrode (tungsten carbide); (8) inner electrode (tungsten
carbide); (9) massive shield (tungsten carbide).

the inner diameter of the outer electrode is 20 mm. To reduce
edge effects, a small cylindrical ground-shield spacer (part of
the bed-plate) exists at the bottom of the capacitor. The effec-
tive length [ = 93 mm of the capacitors is given by the distance
between the spacer at the bottom and the upper end of the
electrodes. The electrodes are fixed on a grounded bed-plate.
Electrical isolation is realized by sapphire (AlyOs) insulating
discs (thickness 0.25 mm). Bach electrode is connected with
the capacitance bridge via coaxial cables and a feed-through,
welded in the support plate of the surrounding vacuum-tight
pressure vessel, The vessel for pressures up to 7MPa has an
inner diameter of 74 mm and an inner height of 233 mm.

The cylindrical electrodes, the ground-shield spacer (inner
diameter 14 mm, length 7mm) and the bed-plate, on which
the electrodes are mounted, were made from tungsten carbide,
This material has a compressibility that is by about a factor
of two smaller than that of stainless steel used previously [9].
This led to a reduction of the uncertainty component caused
by keg. Furthermore, the relative displacement of the elec-
trodes under pressure is reduced since the bed-plate is more
rigid and its connection to the vacuum flange, which is bent by
the gas pressure, is softer because the contact pressure of the
screws is smaller than before. The mounting of the electrodes

is improved by applying assembly tools. Since an eccentricity
of the electrodes and an eccentric tilt both cause a change
in kegr [10], their magnitudes were checked with a standard
uncertainty of 1 um using a coordinate measuring machine,
Finally, on the basis of simulations with FEM, the ground
shielding of the capacitor was optimised. The massive shield
(see figure 1) was introduced in order to minimise the changes
of stray capacitances due to the deformation of the electrodes,
the shield and the pressure vessel by the gas pressure. This
massive shield, already present in a prototype design around
capacitor TC1 applied in [1], is the main change in the design
compared to [9]. (Besides the individual mounting, TC1 is
different from TC2 and TC3 only by the use of aluminium
oxide isolating discs.) For the capacitors of the final design, no
hysteresis could be detected during pressure cycling.

For the two new capacitors TC2 and TC3, electrodes from
two different suppliers were used: TC2: Durit Hartmetall
GmbH?, TC3: Negele Hartmetall-Technik GmbH. (The
electrodes of capacitor TC1 applied in [1] were from the same
batch as those of capacitor TC2.) Both types of tungsten car-
bide are made of ultra-fine powder, leading to grain sizes less
than 1 pm.

2.3. Determination of the effective compressibility

The effective compressibility describes the change of
the capacitance due to the deformation and the relative
displacement of the capacitor electrodes under pressure
p. (In principle it is also influenced by the change of stray
capacitance caused by the deformation of all components
within the pressure vessel and the vessel itself, but this influ-
ence is negligible for the capacitor design discussed above.)
The capacitance of an ideal cylindrical capacitor is given by
Coyt = 2mellin(dy/d;) with € being the dielectric constant, [ the
electrode length, d, the inner diameter of the outer electrode,
and d; the outer diameter of the inner electrode. Thus, only the
relative change Al(p )/l(p = 0) of 1 is relevant, i.e. ke is about
one third of the volume compressibility xyo Of the electrode
material, which is the inverse of the bulk modulus,

The elastic property Kvo has been determined for tungsten
carbide with resonant ultrasound spectroscopy (RUS) [11, 12],
which uses normal-mode resonance frequencies of free vibra-
tion as well as data on the shape and the mass of the sample.
The experimental setup used and procedure have already been
described in detail in [9, 13]. For each of the two capacitor
materials, measurements near the TPW temperature were per-
formed on 12 parallelepipeds made of tungsten carbide from
the same sinter-powder mixture, from which the capacitor
electrodes were manufactured. The dimensions of the three
groups of test samples were approximately 17 x 13 x 10mm?,
13 x 10 x 9mm?, and 12.5 x 11 x 8 mm?, respectively. The
uncertainty of the result for each sample was determined indi-
vidually using Monte-Carlo simulations, in which the input
parameters were varied corresponding to their uncertainty

2 dentification of commercial equipment and materials in this paper does
not imply recommendation or endorsement by PTB, nor does it imply that
the equipment and materials identified are necessarily the best available for
the purpose.

282




Metrologia 54 (2017) 280

C Gaiser ef af

Table 1. Uncertainty budgets for the determination of the composite effective compressibilities frca and rres of the capacitors TC2 and
TC3. The numbers for TC1 from [1, 3] are given for comparison, The estimates for the relative uncertainties are given in %.

Component

TCl TC2 TC3

Determination of the adiabatic compressibility of the electrode materials from RUS frequencies 0.056 0024  0.017

(RPR ¢+ FEM)

Determination of the adiabatic compressibility of the electrodes from the density dependence (not for TC1) 0.087  0.006  0.09

Conversion between adiabatic and isothermal compressibility
Displacement correction

Compressibility of the insulation disks

Combined standard uncertainty

0.041  0.041 0.038
0.130  0.003  0.015
0012 0002  0.002
0.171  0.048  0.106

estimates. In both cases, the resulting data for the dependence
of Ky On the density p were approximated by a linear fit func-
tion. This allowed the determination of individual k. values
for the electrodes by inserting the p values into the respective
fit function. The p values were deduced from the measured
masses (standard uncertainty 1mg for masses up to 200 g) and
dimensions (standard uncertainty of 1 pm for lengths of order
20 mm). The described procedure together with the improve-
ment in dimensional measurement led to a reduction in uncer-
tainty compared to [1] (see table 1) for TC2., For TC3 this was
not the case because the uncertainty of the ryq determination
still depends on the individual electrode and the individual
density.

The determination of the adiabatic compressibility of the
clectrodes from RUS frequencies is an inverse problem, the
uncertainty of which is primarily limited by the uncertainty
of the dimensions of the sample. It starts with the forward
problem, which means the calculation of resonance frequen-
cies of free elastic vibrations of a sample with given geometry,
known mass density and elastic coefficients. The calculated
frequencies are then compared with the measured spectrum. In
an iterative process, the input parameters have to be adjusted
during each iteration step to minimize the error function,
which is defined as the square sum of the differences between
the calculated and measured frequencies. Except for some par-
ticularly simple cases, the calculation of resonance {requen-
cies cannot be solved analytically, but it can be turned into an
eigenvalue problem by the use of proper numerical methods.
Based on the Rayleigh—Ritz method, Visscher et al [14] estab-
lished for simple sample shapes (parallelepiped blocks, spheres
and cylinders) a computational scheme for the free vibration
of a sample with anisotropic properties. The inverse problem
is a multi-dimensional nonlinear optimization problem. The
Levenberg-Marquardt method may be considered as the
standard nonlinear optimization method, which in conjunction
with the Rayleigh-Ritz method has been implemented in the
rectangular parallelepiped resonator (RPR) code designed by
Migliori et gl [12]. For estimating the uncertainty of the solu-
tion of the inverse problem, the results obtained with the RPR
code and FEM were compared for all test samples.

1t has to be considered that the compressibility ryq meas-
ured by RUS is the adiabatic one, whereas for the DCGT
the isothermal k. value is needed. For the conversion from
the adiabatic to the isothermal Ky value, the well known
formula of Griineisen Kisothermal = Kadiabatic =+ Ta%,/(pC,,)
T15] was used. This requires values for p, the thermal-
expansion coefficient oy and the specific heat capacity

C, at constant pressure. For the two capacitor materials,
the measured values are (with the relative standard uncer-
tainty in parenthesis): ez = 1.314(45) x 1075 K™,
Cpren = 206.3(1.7) J kg™l K71, apres = 1.299(45) x 107
KL, Cpres = 206.2(0.8) 1 kg~ KL,

The displacement of the top surfaces of the inner and outer
electrode under pressure is primarily caused by the differ-
ence in the compressibilities. The influence of this displace-
ment has been calculated in two ways, namely by FEM and an
analytic approximation. In the latter, it is considered that the
capacitance between the longer electrode and the top surface
of the shorter electrode decreases with increasing distance,
This is simulated by a conical disk ranging from height zero
near to the longer electrode up to the top surface of the longer
electrode on the other side. The capacitance between the disk
and the longer electrode can be calculated by integration [16].
To deduce the effective compressibility, the FEM result has
been used. Its uncertainty has been estimated from the differ-
ence between the results obtained by both methods.

The uncertainty budgets for the effective compress-
ibilities of the two new capacitors TC2 and TC3 are given
in table 1 (the numbers for TC1 from [1, 3] are given for
comparison). Although the capacitors are composite struc-
tures, the uncertainties are practically exclusively dominated
by components connected with the electrodes. Taken from
the literature, the properties of the sapphire discs (standard
orientation: perpendicular to the C-axis) have negligible
influence. The composite effective compressibilities of

kres = —9.895 x 1071 Pa~!,

2.4. Capacitance measurement

Considering the extreme demands concerning the measurement
of capacitance changes, a high-resolution and high-precision
autotransformer ratio capacitance bridge was built and tested.
Its main component is a home-made high-precision 1:1 induc-
tive voltage divider used in an autotransformer configuration,
For balancing the bridge, adjustable in-phase and guadrature
currents can be injected. A detailed uncertainty budget for
measuring small capacitance changes is presented in [17].
Considering correlations between main terms in the math-
ematical model, it is shown that it is possible to measure
capacitance changes of at most a few tenths of a percent with
a relative standard uncertainty below one part per million, i.e.
with a standard uncertainty relative to the capacitance value
of order one part per billion. The performed consideration of
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correlations requires that the measuring circuit be fully sym-
metric. For this reason, the reference capacitor is also located
in the measuring system within the vacuum chamber.

To check the reliability of the uncertainty estimates exper-
imentally, the results obtained with the newly developed bridge
were compared with those obtained with the bridge applied
previously for DCGT measurements in the low-temperature
range; see [18] and the references cited therein. The preceding
bridge, containing a variable bome-made high-precision induc-
tive voltage divider with nine decades, is described briefly in
[19]. Within the upper ratio-error limits of the divider of 10
parts per billion (ppb), no discrepancies were tound.

To achieve the required resolution it was necessary (i) to
optimise the use of chokes as current equalisers based on
a careful analysis of the capacitance measuring network as
recommended in [20], (ii) to connect the low-level terminals
of the measuring and reference capacitors inside the thermo-
stat, i.e, only one cable goes to the null detector of the bridge
at room temperature and, thus, the parasitic capacitance to
ground is reduced, (iii) to use low-noise cables, (iv) to measure
the unbalanced signal of the null detector with a bandwidth of
order 0.01 Hz, and (v) to use switching between the capacitors
inside the thermostat, reducing the influence of stray fields by
additional shielding,.

At all pressures, capacitance measurements were performed
for the two opposite connections of the high-level termi-
nals of the measuring and reference capacitors to the bridge.
This yields information on the consistency of the data and
the Type B uncertainty component of the inductive voltage
divider caused by large-scale or ‘integral’ non-linearilies.
Furthermore, it increases the additional, statistical informa-
tion on the short-range or ‘differential’ non-linearities of
the inductive voltage divider decades used for balancing the
bridge (Type A uncertainty component).

2.5. Pressure measurement

The goal of measuring pressures up to 7MPa with a relative
standard uncertainty of order 1ppm is a challenge because it
requires characterisation of pressure balances with unprec-
edented accuracy and even significant improvement of the
national standard of PTB. For absolute pressure measure-
ments in helium up to 7MPa, a system of special pressure
balances, as outlined in [21, 22], was designed, constructed
and evaluated [2, 23-257; see also the summary in [9]. The
system includes two pressure-balance platforms, three piston-
cylinder units (PCUs) with effective areas of 20 cm?, and three
2cm? PCUs. Traceability to the SI base units up to 7MPa was
realised in two steps. First, the zero pressure effective areas of
the 20 cm? PCUs were determined from dimensional measure-
ments. Second, the 2cm? PCUs were calibrated against the
20cm? PCUs by cross-float comparisons. The calibration of
the mass pieces traceable to the national mass standards and
the accurate determination of the local gravity acceleration
did not represent special challenges. For the measuring gas,
helium, the head correction due to the gas column was very
small. Its overall relative magnitude for the present DCGT
setup amounted only to 8 ppm.

2.6. Purity of the measuring gas

The determination of the Boltzmann constant at the TPW
gives rise to extreme requirements regarding the purity of the
measuring gas, helium. Impurities should not cause a relative
change of the result by more than 1 ppm, To prevent contam-
ination of the helium of nominal purity 99.99999% during
handling, the gas purifier (adsorber) Micro Torr SP70 from
SAES Pure Gas, Inc., and the helium purifier (getter) HP2
from Valco Instruments, Co. Inc., were incorporated in the
ultra-high-purity gas-handling system described in [ 1, 9], (For
the getter, the specified upper limit for water and the other
relevant impurities besides noble gases is 10 ppb. For the
adsorber, this value is 0.1 ppb.) After each measurement of an
isotherm, which lasted usually one week, the measuring gas
was analysed with the aid of a mass spectrometer (GAM 400,
InProcess Instruments) to check for possible contamination
especially due to outgassing from the different components
inside the pressure vessel. The analysis was developed fur-
ther by evaluating the spectra absolutely (without the self-
correction of the spectrometer) and removing the background
(noise and other parasitic signals) more efficiently by frequent
switching between measuring gas from the capacitor and orig-
inal gas from the supplied bottle. The detection limit for noble
gas contamination is 10 ppb. The most problematic impurity
is water because it has a polarizability 160 times larger than
that of helium. Thus, the detection limit of 20 ppb would
cause an uncertainty component of order 1ppm applying a
rectangular distribution. But additional analysis of helium gas
remaining in the system for weeks led to an even lower uncer-
tainty component. Therefore, considering the specification of
the adsorber, 1 ppm is a reliable upper estimate for an overall
uncertainty component including all relevant impurities.

3. Experimental results and data treatment

3.1 DCGT isotherms

A total of eight isotherms for both TC2 and TC3, respectively,
were measured with helium from different bottles (nominal
purity 99,99999 %, supplier Linde AG). The mean temper-
ature of all isotherms was Tiean = 273.1576K (about 2 mK
difference with the TPW) with a standard deviation of 1 mK
over the whole measurement campaign lasting 12 months.
(This statement demonstrates the very high temperature
stability of the measuring system. It has no relevance for the
traceability to the TPW temperature, because for the evaluation
of each isotherm, the individual temperatures were used.) In
the pressure range between 0.75MPa and 6.7 MPa, 19 pairs
of relative capacitance change and pressure were measured
per isotherm. This led to a total of 152 triplets of temper-
atore, pressure and relative capacitance change measured
for each capacitor during the campaign. To check the pos-
sible influence of impurities caused by outgassing during the
long time necessary for measuring one isotherm, additional
single triplets were determined by evacuating and flushing the
measuring capacitor between the measurements. No devia-
tion from the isotherm data was detected. Also no differences
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Table 2. Tabulated values Aipey; (i = 1, 2, ..., 8) obtained for capacitor TC2. The uncertainties (A rey) are the standard uncertainties.

Isotherm Aoy Pa) (A teg) (Pa) Isotherm Aoy (Pa) u(Ayey) (Pa)
1 4396816119 17273 5 4396791934 23690
2 4396802001 20484 6 4396788943 25981
3 4396799093 19407 7 4396805176 22888
4 4396816776 17173 8 4396827816 18772

Table 3. Tabulated values Arey ¢ =1,2, ..., 8) obtained for capacitor TC3. The uncertainties u(A rcs;) are the standard uncertainties.

Isotherm An‘(;jg,' (pﬂ) Lt(‘A 1'1'(33,') (Pa) Isotherm An‘(_;gi (Pﬁ) Lt(A 1'1‘(;;;,') (Pﬂ)
1 4397167639 25392 5 4397167267 19930
2 4397159059 24888 6 4397149581 23649
3 4397174768 20387 7 4397171251 23426
4 4397191966 27727 8 4397185550 22424
4.39686x10° ] T T T T 1 T T
© J 1 .
& 4.39683x10 3
] B e Brommfmm sl r
(!'2 [ ]
< 439680107 - bnanrn s pes as ke s s R anns s Rt e Rt o
o F @ Acasigedsotam | 1
439 677X1 09 3 A1T62~welghled~meon -
B e U(Aﬂczwaighledmean)
T T ] T 1 T T
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Isotherm
T T T T T T
4.39722x10° ® Arcswonirtom
] " [ Arcamghied-mean
Pnn R A §
g 4. 3971 9X1 09 5 u(_ 1TC3<wal9hIed4nnm)
4 e e
- ] . R T T D T R
- 4.39716x10
=< | ® 1 L J_ l
4.39713x10° I
T T T T T T T T
1 2 3 4 5 6 7 8

Isotherm

Figure 2. Isotherm fit results for the capacitors TC2 (upper plot) and TC3 (lower plot). The black points show the values of the coefficient
A{ resulting from a constrained third-order fit to the isotherm data, and the error bars are the standard uncertainty estimates deduced using
the maximum-likelihood estimation [26]. In both plots, the red line shows the weighted-mean A, value, and the dashed lines show its

standard uncertainty.

between isotherms measured with ascending or descending
pressure changes were detected. This is a clear indicator that
in the final design shown in figure 1, there is no evidence for
hysteresis effects. These tests are also a proof of remaining
gas purity (see section 2.6),

3.2, Evaluation of the DCGT isotherm data

The eight isotherms for each capacitor were first fitted indi-
vidually by polynomials of fourth and fifth order according to
the working equation derived in [3]. The uncertainty of the fit-
ting parameters was deduced using maximum-likelihood esti-
mation [26]. In the next step, the mean fourth fit coefficient aq
from both capacitors was calculated via a weighted mean of
all 32 a4 values obtained from fourth- and fifth-order fits. (In
the nomenclature of [3], aqis equal to the product A; Ay.) The
weighted mean dyweighted-mean = 2.32(27) X 10" Pais in good
agreement with the value agmeory = 2.61 x 10" Pa derived

from the latest ab initio calculations for the fourth virial coef-
ficient of helium [27] by applying the DCGT working equa-
tion given in [3]. In a further step, da-weighted-mean Was used
as a constraint for correcting the data. The final third-order
fits were performed using the corrected isotherm data, This
procedure guarantees that the influence of the fourth virial
coefficient on A; is completely considered by the third-order
fit. The uncertainly component arising from this procedure
is correlated for the two capacitors TC2 and TC3. Since
(U4-seighted-mean WAS Obtained by statistical methods, this is taken
into account by a partial correlation of the Type A uncertainty
estimates (see table 5 in section 4). The extracted values of
coefficient A; of the linear term for the different isotherms
corrected to the same temperature are listed in tables 2 and 3
for capacitors TC2 and TC3, respectively, and plotied in
figure 2. It is obvious that, in both cases, the eight values
agree well within their standard uncertainties. Therefore,
it is possible to calculate the weighted mean of the eight

285



Metrologia 54 (2017) 280

C Gaiser ef af

Table 4. Uncertainty budgets for the determination of the
Boltzmann constant by DCGT at the TPW using capacitors TC2
and TC3. The estimates give the relative uncertainty components in
ppm. The numbers for TCI from [1, 3] are given for comparison.

Table 5. Qualitative overview of the correlations between the
corrections Skyey (k= 1,2,3,i== 1,2, ..., 9), which are connected
with the different components of the individual uncertainty budgets,
for the three capacitors TC1, TC2 and TC3.

Component TC1 TC2 TC3 i Component Correlation
Type A estimate 2.62 1.60 1.86 1 Type A estimate Partial

Type B estimates 2 Susceptibility measurement Complete
Susceptibility measurement 1.00 0.40 0.40 (capacitance change)

(capacitance change) 3 Determination of the effective Partial
Determination of the effective 2.35 0.65 1.53 compressibility

compressibility Keg 4 Temperature (traceability to Complete
o _ . ) ) the TPW)

Temperature (traceability to the  0.30 0.30 0.30

TPW) 5 Pressure measurement (7 MPa) Complete
Pressure measurement (7 MPa) 1.0() 1.00 1.00 6 Head correction (pressure of Complete
Head correction (pressure of 0.20 0.20 0.20 gas column)

gas colamn) 7 Impurities (measuring gas) No (independ-
Impurities (measuring gas) 1.00 1.00 1.00 ent)

Surface layers (impurities) 0.50 050  0.50 8 Surface layers (impurities) gg)(mdcmnw
Polarizability fr 0.20 0.1 0.1¢ o

Pol er:l.blmy from ab initio WU »10 .10 9 Polarizability from ab initio Complete
caleulation (theory) .

calculation (theory)
Combined standard uncertainty ~ 3.97 236 2.89

individual Ay values for each capacitor. The two weighted
means  are  Ayrcz-weighted-mean = 4.3968088(71) x 10° Pa
and  Aj7¢3-weighted-mean = 4.397 1706(82) x 10° Pa. Together
with the isotherm temperature and the ko value deduced
in section 2.3, this leads to a ratio A./R of 6.2211484 x
1078m? K 5! for TC2 and 6.2211316 x 1078 m® K J~! for

Bolizmann constant (see also table 8). The uncertainty bud-
gets for kyep and kpeg are given in table 4. In the present work
as well as in [1] single isotherm data were fitted, because
this corresponds to the original form of the measurement.
Nevertheless, global fits to the data for both capacitors proved
the consistency of the results for k and the given uncertainties.

3.3. Uncertainty budgets

The complete uncertainty budgets for the determination of the
Boltzmann constant by DCGT at the TPW applying capacitors
TC2 and TC3, respectively, are given in table 4 (the numbers
for TC1 from [ 1, 3] are given for comparison). They have been
established in accordance with the Guide to the Expression of
Uncertainty in Measurement [28].

Tn both cases, the Type A uncertainty component is esti-
mated by the uncertainty of the weighted mean of the A rcy
values (i ==1, 2, ..., 8). It includes the scatter of the aver-
aged unbalanced output signal of the capacitance bridge, the
pressure repeatability, and the instability of temperature and
capacitance. In the Type B estimate for the susceptibility meas-
urement via capacitance changes, only the large scale or ‘int-
egral’ non-linearities of the capacitance bridge are considered
in accordance with [17], since the short-range or ‘differential’

non-linearities are contained in the Type A estimate. (In the
budgets presented in [1, 3], a double counting of the ‘differ-
ential’ non-linearities in the Type A and Type B estimates was
accepted in view of the dominance of other uncertainty comp-
onents.) The instability of the capacitance of the measuring
capacitor (drift during the measurement of an isotherm lasting
several days, influence of pressure cycling) contributes also to
this Type B estimate. Uncertainty budgets for the determina-
tion of the effective compressibilities #yeo and kpey of capaci-
tors TC2 and TC3, respectively, are established in section 2.3.
The component estimated for the temperature measurement
includes static and dynamic errors within the measuring
system; see section 2.1, The estimates connected with the prés-
sure measurement and the head correction are discussed in
section 2.5. Impurities cause errors since their polarizability
differs from that of helium; see the discussion in section 2.6,
Surface layers on the electrodes of the measuring capacitor
play a minor role because they are present both for the meas-
urement with the helium gas and with vacuum. Calculations
of further higher-order QED corrections for the static dipole
polarizability [4] lead to a decreased uncertainty of 0.1 ppm
compared to [29] used in [1]. (Possible variations of the iso-
topic composition of the measuring gas helium do not cause
any problems because the natural abundance of the light iso-
tope *He is only 1.3 ppm and the relative deviation of the polar-
izabilities of the two isotopes amounts only to about 0.01%.)

4. Combination of different k values taking
correlations into account

The final result for the Boltzmann constant was obtained by
applying the formulas given in the appendix for determining
the weighted mean of the m = 3 values kycy, krey and kpes
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Table 6. Analysis of the significant correlations between sub-
corrections in determining the effective compressibility of the three
capacitors TCE, TC2 and TC3. For each capacitor pair, it is stated
whether a sub-correction is correlated (‘yes’) or not (‘no’).

TC1 & TC2 TC2 « TC3

Sub-correction TC1 <~ TC3

Determination Yes Yes Yes
of the adiabatic

compressibility of

the electrodes from

RUS frequencies

(RPR ¢+ FEM)

Conversion Yes No No
between adiabatic

and isothermal

compressibility

Displacement No No Yes
correction

Table 7. Relative covariance matrix V for the three values krci,
krea and kypes measured with the capacitors TC1, TC2 and TC3. The
figures are given in ppm?.

TCI TC2 TC3
TCl1 15.8 2.1 1.7
TC2 2.1 5.6 1.5
TC3 1.7 1.5 83

measured with the capacitors TC1, TC2 and TC3, respec-
tively, taking correlations into account. The value krcy and the
budget for its uncertainty have been taken from [3]. Table 5
gives a qualitative overview of the correlations between the
n==9 corrections, which are connected with the different
components of the individual uncertainty budget.

The partial correlation of the Type A corrections Skpeay and
Skreay is caused by the constraint considering the influence
of the fourth-order term of the virial expansion in fitting the
isotherm data, see section 3.2, This constraint was obtained
for the two capacitors TC2 and TC3 together by applying sta-
tistical methods (fits to repeated isotherms with several data
for different pressures), Most complicated is the analysis of

which detailed formulas are given in the appendix. This cor-
rection is the sum of different sub-corrections depending on
several quantities x;. For the three capacitor pairs, table 6 gives
an individual analysis of the significant correlations.

The results of the correlation analysis are presented in
tables 7 and 8. (The number of digits of the figures in the
two tables has been chosen so that the final result can be
closely reproduced.) Table 7 is the relative covatiance matrix
V defined in equation (A.9) of the appendix. The correlation
coefficients are: r(kpcy, kyea) =~ 0.23, r(ferct, kres) = 0.15 and
r(krca, kres) =2 022, Table 8 contains, besides the three values
kret, krca and kyez and their relative standard uncertainties,
the weights without (Wyon) and with (wys) consideration of

" correlations. The weighted mean with correlations amounis
to kwm = 1.3806482 x 1072 J K~ with a relative standard
uncertainty of u(kwy) = 1.9 ppm. Infigure 3, krc1, krco and krcs
are compared with kwy. In all three cases, the deviation from
the weighted mean is well within the combined uncertainties.

Table 8. Results necessary for calculating the weighted mean kww
of the values kper, kres and kyes taking correlations into account,
The estimates u, are the relative standard uncertainties of the three
values. The weights wyy, with consideration of correlations are
deduced from the weight matrix W, which is the inverse of the
covariance matrix V given in table 7; see the appendix. The weights
Wwou Were oblained directly from the estimates i, 1.¢. without
considering correlations. The resulting weighted-mean values kyoa
and ki = kwy are given together with their relative standard
uncertainties for comparison.

kri
(1072 JK™) ue (ppm)  Wywou Wyith
krci 1.3806509 397 0.175 0.131
fver) 1.3806464 2.36 0.493 0.542
ke 1.3806501 2.89 0.333 0.327
keou 1.3806484 1.66
kwin = kwm 1.3806482 1.94
1.380656
@ kl'('«k
kWM
< 1380652 [~ Ul
=& B v
l\to ]
=
x 1,380648
P
1.380644
TCH TC2 TC3
Capacitor

Figure 3. Comparison of the three values ke, krez and kyes of
the Boltzmann constant measured with the capacitors TC1, TC2
and TC3 (dots), respectively, with the weighted mean kwy deduced
taking correlations into account (solid line). The dashed lines show
the standard uncertainty of kwm.

8. Conclusions

Based on a huge amount of data, two new values of the
Boltzmann constant k have been obtained by DCGT by
applying two different highly stable tungsten-carbide capaci-
tors. The combination of these with the value published in 2013
taking correlations fully into account yielded a final result of
k = 1.3806482 x 10723 J K~! with a relative standard uncer-
tainty of 1.9 ppm. This value is about 0.2 ppm smaller than the
CODATA 2014 result [5], which has a relative standard uncer-
tainty of 0.57 ppm. In addition, the uncertainty and the value
presented here are comparable to those of the outstanding
experiment with a spherical acoustic resonator that defined
the value of k for more than two decades [30].

The reduction of the uncertainty of the final result by a factor
two compared with the result published in 2013 has been mainly
achieved by three advances: (i) improvement of the mounting of
the capacitor electrodes and attenuation of the influence of stray
fields by additional shielding, which led to a better stability
and thus a smaller Type A uncertainty component for the two
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new capacitors; (i) determination of the individual adiabatic
compressibility of the electrodes from the carefully analysed
density dependence, which resulted in an essentially smaller
uncertainty of the effective compressibility, especially for one
of these capacitors; (iii) inclusion of many more experimental
results by combining the data obtained for the three capacitors.
The final determination of the Boltzmann constant
with DCGT meets the last remaining requirement of the
Consultative Committee for Thermometry for a new definition
of the kelvin, namely to have independent determinations of &
with a relative standard uncertainty below 3 ppm by applying
at least two fundamentally different methods. Consequently,
the result of the decennial project paves the way for the new
definition of the base unit kelvin by fixing the & value.
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Appendix. Weighted mean of correlated DCGT data
and its uncertainty

The evaluation of correlated data is universally treated in
the appendices of the paper ‘CODATA recommended values
of the fundamental physical constants: 1998 by Mohr and
Taylor 2000 [31]. In the present paper, this basic theory is
applied to the example of the determination of the Boltzmann
constant by DCGT.

The linearised mathematical model of the measurement
result for the Boltzmann constant obtained with capacitor
assembly No. TCk is

(avp 1s the static electric dipole polarizability of the gas par-
ticles, &g is the fixed electrical constant, Trpy is the defined

A ey is the coefficient of the linear term of the virial expan-
sion fitted to the isotherm data, sxpeg is the effective com-
pressibility of the capacitor assembly TCk) and the sum of n
correction terms. The correction terms Skycey are connected
with the different components of the individual uncertainty
budget. It is assumed that the corrections of one measure-
ment result are independent of the others. This means for
their covariances:

COV((Sk;eri, ék'r(':li) = and C()V((SkTCki, (5/(?1‘(1[]') == fori 7‘]

(A.3)

The covariances of the corrections cov(Skrew, Skrcu)

have to be determined via error propagation with sensi-

tivity coefficients or Monte Carlo simulation by applying

the formulas used for their estimation. Then, the covariance

of two values of the Boltzmann constant is given by a sum
of covariances

n
covlercr, krer) =Y cov(Skrci, Skren)

(AD

with cov(kreg, ktex) = #?(krer) (u is the standard uncertainty).
It is assumed that the ith correction term depends on the ¢
quantities x, x2, ..., X4

(A.5)

The dependences may differ for the different experimental
results. Linearisation of the mathematical model for
considering the uncertainties of these quantities yields for
the covariance of the ith correction terms of the kth and Ith
experimental result;

Slercki = Jrop (22, +r 05 %),

4 o W Ofven
cov(bkrcui, dhereu) = Z(?ﬁgﬂ}(m) (%) (A.6)

i::‘l d.xj' (ll‘Cj

For instance, the formula for the correction term caused
by the uncertainty of the effective compressibility reg is
given by

Slerchmee MGk g { 4| Orrer W Orre
cov nm’ foff Y - - Z TCk TCl le(xj) ~
kg~ KtClRgy Yrrcreral(Arrersmer)™ — L ) (Arrarrge)™ —~ 143) ax}. Ox ’

{ P> I

Arrcrire | Orrex || Orrar 2

5 5 u(x;).
j=I\ O%

This can be transtormed into the following equation:

J=1

(A7)
dx;
v Okrckrar OkrClrg | ArrcrArrerkrcister Zq: 1y (orcy) Wy(#rer) (A8)
3 ~ N s Ya ¥
Rrck e KrCrre: 9 1 krae Rt
]
The correlation coefficients are given by r(kree

The quadratic m x m covariance matrix V and its inverse
matrix, the weight matrix W, are defined by

V = (covkrck, krcmm = Vidmm and W == (Wi )um,m :( S

A.9)

krep = covikrer,  krep/(ulkre)ullrep)). With these defini-
tions, the expression for the weighted mean & of the m results
for the Boltzmann constant is the following double sum (in
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accordance with equation (E26) in the paper by Mohr and
Taylor {31]):

n

. 1 mn
k=" ki Y wa.
oy

- (A.10
G5 )

. ’ 1 , .
with G = 0 % wy and — 3200wy being the weights.
(=1 2tk G =t g

The double sum G yiclds the standard uncertainty of k (sce
equation (E27) in the paper by Mohr and Taylor [31]):

~ 1
ulk) = \/g

(A.11)
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