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Abstract—Multiuser multi-input multi-output (MU-MIMO) system has been
widely used in 4G communication system. MU-MIMO has high data rate and
improved capacity. However, it has multiuser interference (MUI) and multiple
access interference (MAI). Block diagonalization (BD) is one of the methods to
solve MUI and MALI, which uses precoding algorithm to separate each user in the
system. A generalized zero-forcing channel inversion (GZI) algorithm is the
simplest precoding method to improve BD. However, the BD/GZI algorithms use
uniform power distribution. The water-filling technology performs power
allocation based on channel environment of each user. In this paper, the BD/GZI
algorithms are combined with water-filling technology to perform power
allocation and MUI/MAI cancellation for the MU-MIMO systems. The proposed
algorithms are with space-frequency water-filling. Some simulation examples are
given to demonstrate the effectiveness of the proposed algorithm.



On Space-Frequency Water-Filling Precoding
for Multi-User MIMO Communications

Yu-Kuan Chang, Ye-Shun Shen?, Fang-Biau Ueng and Shao-Hua Tsai

Abstract—Multiuser multi-input multi-output (MU-MIMO)
system has been widely used in 4G communication system.
MU-MIMO has high data rate and improved capacity, however,
it has multiuser interference (MUI) and multiple access
interference (MAI). Block diagonalization (BD) is one of the
methods to solve MUI and MAI, which uses precoding
algorithm to separate each user in the system. A generalized
zero-forcing channel inversion (GZI) algorithm is the simplest
precoding method to improve BD. However, the BD/GZI
algorithms use uniform power distribution. The water-filling
technology performs power allocation based on channel
environment of each user. In this paper, the BD/GZI algorithms
are combined with water-filling technology to perform power
allocation and MUI/MAI cancellation for the MU-MIMO
systems. The proposed algorithms are with space-frequency
water-filling. Some simulation examples are given to
demonstrate the effectiveness of the proposed algorithm.

Index Terms—block diagonalization, water-filling, optimal
power allocation, multiuser multi-input multi-output.

I. INTRODUCTION

THE new generation of wireless communication systems is
providing multimedia services that require very high data
rates. The high spectral efficiency can be achieved by using
multiple antennas at both the transmitter and receiver, so
multiple-input multiple-output (MIMO) systems have gained
popularity due to their capability in delivering high spectral
efficiency and their robust performance against fading.
MIMO communication technologies have recently received
much interest due to the promising capacity gain when
employing multiple transmit and receive antennas.
Information theoretic results show that MIMO systems can
offer significant capacity gains over traditional single-input
single-output systems. This capacity increase is enabled by
the fact that the signals from each individual transmitter
appear highly uncorrelated at each of the receive antennas in
rich scattering wireless environments. The receiver can
exploit these differences in spatial signatures to separate the
signals originated from different transmit antennas. In
multipath channel, the received signal in a MIMO receiver is
corrupted by the inter-symbol interference (ISI), spatial
interference, and co-antenna interference (CAI). Single-user
MIMO (SU-MIMO) considers only the dimensions of
multiple antennas for a single mobile device. However,

The authors are with the Department of Electrical Engineering, National
Chung-Hsing University, Taiwan (e-mail: chungyukuan@hotmail.com;
fbueng@nchu.edu.tw; c7643john@yahoo.com.tw).

2Ye-Shun Shen is with the National Formosa University (e-mail:
ys.shen@msa.hinet.net).

multiuser MIMO (MU-MIMO) can deploy multiple users as
spatially distributed transmission resources at the cost of
more complex signal processing, and is also known as spatial
division multiple access (SDMA). Thus, multiuser MIMO
considers the overall capacity of network when several users
are accessing the same link simultaneously. Due to
transmission array gain, diversity gain, spatial multiplexing
gain and interference cancellation gain, MIMO techniques
can increase system throughput and transmission reliability
without increasing the required bandwidth that makes MIMO
communication technologies become one of the most
promising ways for wireless communication by dirty paper
coding (DPC) [1-13]. The purpose of DPC is to pre-cancel
interference at the transmitter using know full channel state
information (CSI). Block diagonalization (BD) is one of the
well-known precoding algorithms near DPC techniques [4-5].
A generalized zero-forcing channel inversion (GZI)
algorithm is the simplest precoding method to improve BD.

Water-filling technique has been proposed by [8] and has
been used in MIMO system that uses each antenna CSI to
find maximum eigenvalue to do power allocation as the
spatial domain water filling. In [5, 7, 9, 17], the spatial
domain water-filling with BD algorithm is employed in
multiuser MIMO system to find maximum sum capacity. The
frequency domain water-filling technique has been proposed
by [13, 14] that the time-domain signal is transferred to
frequency domain and then each subcarrier is water- filling
processed. In this paper, the BD/GZI algorithms are
combined with both spatial-domain and frequency-domain
water-filling technologies to perform power allocation and
MUI/MAI cancellation for the MU-MIMO systems. The rest
of this paper is organized as follows. In Section 2, the BD
precoding algorithm and GZI precoding algorithm for
MU-MIMO downlink system is described. The proposed
spatial-frequency water-filling algorithm is described in
Section 3. Simulation results and conclusions are provided in
Section 4 and Section 5, respectively.

Notation: Vectors and matrices are denoted by boldface

letters; superscripts of (), ()7, ()", and ()™ denote the
complex conjugate, transpose, Hermitian transpose, and
inverse, respectively; ® stands for the Kronecker product;
and diag{} denotes a diagonal matrix; I is the KxK

identity matrix; E{} denotes the statistical expectation.

Il. BLOCK DIAGONALIZATION FOR MULTIUSER MIMO
SYSTEM

A. Block Diagonalization
The multiuser MIMO downlink system with K



independent users can be shown as Figure 1. The transmitted
signal goes through precoding matrix and then received with
receiver filter to decode the desired user signal. Block
diagonalization (BD) is the well-known precoding method
for the system [1-5]. Define the transmitted symbol vector X,
noise w and the precoding matrix P as follows,

x=f 3 .«
w=lwl wl . wk] @
P= [Pl P, PK]
The received signal can be described as
v=pyi v VK = HPx+w ()

where H is the channel information matrix and can be
defined as H = [H] H) HL]T
The received signal can be rewritten as follows,

K
y :H]P]XJ ‘l‘HJ szXk +wW

®)
k=1,k# j
Define the received filter M for all users as follows,
M =diag{M; M, M, } ()
The desired output signal ij can be shown as
K
X =M H Px;+MH; > Pex,+M;w ®)

k=1,k+ j
The key idea of the BD is to design the precoding matrix
that satisfies the following condition,

HP =0 Vjzk, 1<jk<K (6)
So P; should be in the null space of ij that is defined as
follows,
A=l oW W, Lowl] @
The SVD of H j can be described as
H; = 617‘1[{’1@ {}J'(O)]H (®)

where ﬁj and /~\j denote the left singular vector matrix
and the matrix of ordered singular values of flj , respectively.
The matrix V? and V(% denote the right singular matrices
each consists of the singular vectors corresponding to
nonzero singular values of ij and zero singular values of
ﬁj. The desired user has non-interfering block channel

H; V(. In order to decouple this block channel into n;

parallel sub channels, the SVD of H;V{® is computed as

H&}‘”)A(JHJ-V}”)VJ(H&}”)H _ yDIAbly

SVD(H VO ): U(j 9)
Employing P; =VOV® and M; =UP" in (5), the
desired user’s signal vector ;‘i can be shown as follows,
2. — A (b)H
Xj=A7x;+Uw, (10)
Finally, we can find the precoding matrix P as follows,
P-[VOV® VOV L VOVP]
The all user’s received filter can be described as follows,

udH |

B. Generalized Zero-Forcing Channel Inversion

For the so-called Generalized Zero-Forcing Channel
Inversion (GZI) method [5], we need to perform the
pseudo-inverse operation of the channel matrix H; as

follows,
ItIi:I'Iil-i(HiILIil-l )_1:[ﬁ1 ﬁz ﬁK]

Consider the QR decomposition of matrix ﬁj with

M = diag{u®"  UPH (12)

13)

dimension N; xn.

jas follows,

where ﬁj is an njxn; upper triangular matrix and QJ—

is an N xn; matrix whose columns form an orthonormal

basis for ij . In (13), due to ijij:O, we have

ﬁjéjﬁj =0 . Since ﬁj is invertible, it follows that
H jéj =0. Asin the BD algorithm, in order to decouple this
block channel into parallel sub channels, the SVD of Hjéj
is computed as follows,
svD(H Q)= U(JH’Q’)A(J-HJQJ)VJ(HJQJ)H —ulPIAlPlyiwH - (15)
Employing P; =Q;V{™ and M; =U{"" in (5), the

desired user’s signal vector x

j can be described as follows,

% =APx + U, (16)

Finally, we can find the precoding matrix P as follows,

P[0,V QP . QviP] (17)
The all user’s received filter can be shown as
M = diag{U{®*"  ugPH Uyt | (18)

For the BD and GZI algorithms, we assume that
transmitter knows the channel station information perfectly.
However, due to the mismatch between the transmitter and
receiver, the transmitter can not accurately know CSI. Define
H,, as the channel estimation error, the CSI can be

described as follows,

H=H, +H,, (19)
where H and H,; are the true CSI and the estimated CSl,
respectively. We assume that H, is uncorrelated with
H, and x. H,, has i.i.d. elements with zero mean and
estimation error variance aéh . So the received signal in (2)

can be rewritten as
Vs = Ho Poxg + Hy Poxg + W (20)
where the H,,, P x, is the estimation error term, and we
define the total error term is e = H,, Psxs +w, . The total

error variance o2 can be shown as follows,
2
ol = E|“e|| J: N2, Tr(PSH Ps)+ N,c2 (21)
For the BD algorithm, equation (7) can be rewritten as
ﬁj = [Hlst,l Hl—st,j—l H_ Hlst,K]T (22)

est, j+1
For the GZI algorithm, equation (13) can be rewritten as



Hest i~ Hg‘st |(Hest |He'3—‘st |)_ = [Hest,l Hest,z Hest,K] (23)

I1l. THE PROPOSED WATER-FILLING ALGORITHM

A. Spatial-Domain Water-Filling

Please check with your editor on whether to submit your
manuscript as hard copy or electronically for review. If hard
copy, submit photocopies such that only one column appears
per page. This will give your referees plenty of room to write
comments. Send the number of copies specified by your
editor (typically four). If submitted electronically, find out if
your editor prefers submissions on disk or as e-mail
attachments.

Consider the system shown as in Figure 3, the capacity for
complex AWGN MIMO channel when H is perfectly
known at the receiver can be expressed as follows [7, 8],

H™-Q-H
Cixear =MaXp(y 1(XY) = |09a[det[| +G—%B (24)
n
The capacity under ergodicity conditions when H is
perfectly known at the receiver can be described as

H™-Q-H
Cergodic = En {IOga[de{l +O_—Q2Jj}
n

where o2 is the noise covariance, o7 = E{ni t)n; (4 )*}.

(25)

The transmitter correlation matrix Q can be diagonalised as

Q=V-DQ-V*
PP 0 - 0
0 0 0 (26)
DQ: N c. N
o .- -+ 0

We can obtain the result that the capacity is the sum of the
capacity of the parallel channels, that is

Cfixed_H = |Og{det[l + (U 'A(jb) 'V*XV ) DO?Z'V*XV 'A(jb)* U*)J]
n

rnIn%N)Iog {h ‘A b)‘ J

(27)

i=1

The sum rate Rgp for the BD algorithm can be written in
terms of the following maximization [5,6],

0 Fa,
Rep = maXZIog det I+—2

@; =
a ' (28)
K
subject to ZTr(d) i) < Potal
j=1
The optimal power loading matrix @ ; can be calculated
from the sum rate (28) by using the water-filling method
[9-12],

+

(29)

2 K
_|,,__%n : o
D;=| u ‘A<b)‘2 with ¢ such that § @, -P
] 1=

Using (23) and (25), the optimal capacity can then be

described as

- ¥

jsuch that z>

(30)

2
A(b)

Finally, we can find the block diagonalization precoding

matrix PB° as
1
SO0 0y b S (0)y/ () b2
D =[V1( RCRRVOINC) V}(<>V}(<>]q,z (31)
The all user’s received filter can be shown as
M —diaglu®" uPH . uPH) (32
Similarly, the GZI precoding matrix P s as follows,
1
P& = [lel(vp) QZVZ(vp) QKVI(<vp)}I)2 (33)
The all user’s received filter is
M —diag (UMt ugIH L UlPH ) (34
B. Spatial-Frequency Domain Water-Filling
The multiuser MIMO downlink system  with

space-frequency domain water filling can be shown as Fig. 4.
The transmitted signal goes through precoding matrix and
water filling and then received with receiver filter to decode
the desired user’s signal. If the GZI method is employed to
perform space- domain water filling, the signal before FFT
operation can be described as follows,

Xg = XS J

= [P51Q§Vp)V1(Vp) X PszQ(z\/p)Vz(Vp)Xz PSK()(}X‘))V&VMXL]

Then after N-point FFT operation, the frequency-domain
signal of the jth user is as follows,

(35)

X; = [XI X} XL]T = F{PSJQ(ij)VJ(Vp)X j} (36)
Collecting the all user signal we obtain
Xox X

i
- T -
- PlaQP v [ F Qx| D)

Let N be the number of subcarrier,
sub-channel,

subchannel.
given[14,15],

C(f,)=Af Iogz(1+|H[k]|2 P[k]]
O

Where Af , H[k], P[k] and N, denote the subcarrier
spacing, frequency response, transmission power and noise
variance of the k-th subchannel. The total channel capacity is
given by the sum of the capacity for individual subcarriers,

N-1
c=2 c(fi)
k=0
Given the SNR for each subcarrier, we may allocate

different powers to different subcarriers so as to maximize
the total system capacity, that is

f; be the i -th
P[i] be the transmitted power of the i -th
The capacity of the k-th subchannel is

(38)

(39)



max ZC fo)= max Z“Iogz(1+|H[k]|2 PI\[IK]J
0

Py Py k=0 Poyees N—ik 0
Nused -1 (40)
subject to ZP[k] =NP
k=0

where P is the average power for each subcarrier available
in the transmitter. Employing the Lagrange multiplier method
for optimization with equality constraint in Equation (40), the
following solution is obtained. We can find the optimum
solution by maximizing the Lagrange function defined by

[16],
[k] used -1
——ngz 1+|H[K]? ZP[k] NP | (41)
That is (42)
L = 2 P[K] Nt ~
U EP[k]{ kz(;mgz(u\H[k]\ NO}-},( ZP[k]—N.P =0
used -1 (43)
(ZP[k] NPJ
—(1+|H[k]|2mj +4=0
NO
The solution is
+ No  No 1 No o
Pk]= { No ] =V AHIK? HIKP "7 \H[k]\22 (44)
‘ H [k]‘ 0 otherwise

where 4 is the Lagrange multiplier that is chosen to meet
the power constraint in Equation (44).

Each frequency-domain user signal is then multiplied
frequency-domain water-filling operation and can be express
as follows,

X, :[XI X} XL]T
R - 45
= |:Pf1F{P51inp)Vl(vp)Xl }I PfKF{PSKQQp)Vr(Q’p)XK }L} ()
The total transmit signal can be described as
=ls] s; St
[ 1 2 Nt]r (46)

:[(X1+X2+...+XK)I (X1+X2+...+XK),T\“]

IV. SIMULATION RESULTS

In this section, we provide some simulation examples to
demonstrate the performance of the proposed method. The
results will be verified by Monte Carlo simulation method,
and the adopted channel model is the COST 207 RA/TU/BU
environments. We compare the BER performance of our
proposed algorithm with that without water-filling. The
simulated modulated signal format is QPSK. The simulated
number of active users is K=2. For the TU channel model, the
number of paths L is equal to 12. For the BU channel model,
the number of paths L is equal to 21. For the simulations, two
precoding algorithms, BD and GZI algorithms, are employed
to combined with spatial-domain and frequency-domain
water-filling technology for the MU-MIMO system. For the
MU- MIMO system, the base station is equipped with four
antennas and the mobile station is equipped with two
antennas.

In Fig. 5, we compare the bit error rate (BER)

performances of the MU-MIMO systems with and without
BD algorithm, an further compare the BER performances
with 1-D  (spatial-domain)  water-filling and 2-D
(spatial-domain and frequency-domain) water-filling. Fig. 5
shows that the proposed 2-D water-filling BD algorithm has
superior performance compared with 1-D BD algorithm and
conventional BD algorithm. In Figs. 6-7, we show the
performance degradation of the conventional BD/GZI
precoding algorithms and the water-filling BD/GZI
algorithm in the situation of channel mismatch, respectively.
The proposed water-filling BD/GZI algorithm outperforms
the conventional BD/GZI algorithm, especially in the low
signal-to-noise ratio condition. In Figs. 8-9, we compare the
BER performances of the GZI algorithm with and without
water-filling technology in COST-207 TU and BU channels,
respectively. Figs. 8-9 show that 2-D water-filling GZI
precoding algorithm outperforms 1-D or conventional GZI,
even though the transmission power is one half of that of
conventional GZI. In Figs. 10-11, we show the performance
degradation of the proposed 2-D water-filling GZI precoding
algorithms in the situation of channel mismatch in COST-207
TU and BU channels, respectively. The proposed 2-D
water-filling GZI algorithm has BER 0.001 at SNR 15 dB
even though channel mismatch exists.

V. CONCLUSION

The water-filling technology performs power allocation
based on channel environment of each user and has been used
in MIMO system that uses each antenna CSI to find
maximum eigenvalue to do power allocation as the spatial
domain water filling. In this paper, the BD/GZI algorithms
are combined with water-filling technology to perform power
allocation and MUI/MAI cancellation for the MU-MIMO
systems. The proposed algorithms are with space-frequency
water-filling. Some simulation examples are given to
demonstrate the effectiveness of the proposed algorithm.
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Fig. 8: BER performance comparisons of the proposed GZI water-filling
algorithm with different power: 4 transmit antenna, 2 receive antenna, 2 users
and TU channel.
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Fig. 9: BER performance comparisons of the proposed GZI water-filling
algorithm with different power: 4 transmit antenna, 2 receive antenna, 2 users
and BU channel.
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Fig. 10: BER performance comparisons of the proposed GZI 2D water-filling
algorithm with channel mismatch: 4 transmit antenna, 2 receive antenna, 2
users and TU channel.
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Fig. 11: BER performance comparisons of the proposed GZI 2D water-filling
algorithm with channel mismatch: 4 transmit antenna, 2 receive antenna, 2
users and BU channel.
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