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Joint Design of Pilots and Code for Partial CSI at the Receiver

July 8, 2010

1 Motivation

In packet-switched systems, frame-synch and channel estimation is often done using the same
training sequence or pilot signals. The system model in [2, 4, 5] assumes that the receiver can
synchronize the codeword margins exactly. Without the information of the codeword margins,
decoding of the joint channel estimation and error correction codes would become technically infea-
sible. So, at this stage, the codes may only be able to perform in an initial-sync, or circuit-switched,
or TDD-based system environment.

In this work, we consider the practical packet-switched systems with training sequence or pilots
for frame-synch and channel estimation. Then, the available channel state information (CSI) in
receivers would not be perfect because of additive noise. The code and decoder for the receivers
with partial CSI would be discussed here.

Several notations appear in this work: det |X] is the determinant of a matrix X and tr(X) is
the trace of the matrix. Notation X% and X¥ denote transpose and Hermitian transpose of X,
respectively. Another superscript X* means the conjugate matrix of X, ie., all element of X
is taking the complex conjugate of corresponding element of X. The maximum and minimum
eigenvalue of X are represented as Amax(X) and Amin(X), respectively. In addition, for a vector x
and a matrix X, we define ||z|| £ Vafz and |X| & /tr(X¥X), respectively. The notation of
a random vector z that has circular symmetric complex Gaussian distribution with m mean and
covariance S is & ~ CA'(m,$), and O(z) = \/% L e~t/24dt which is the area under the tail of a

real-valued zero-mean Gaussian probability density function with variance 1.

2 System Model

In packet-switched systems, a signal b = [by,...,by|7 is transmitted over a frequency-selective
block fading (specifically, quasi-static fading) channel of memory order # — 1. For 1 < ¢ < N, we
limit that b; is belong to a constant-amplitude 2M_PSK modulation, i.e., [b;|* = 1, where M > 0



and is a integer. By letting the codeword matrix be

5y 0 .- 0]
T .
B A by ¢ .0
0 bN . b]_
L0 0 b pp

where L = N + P — 1 and with power constraint tr (IBH IB) = P . N, the received signal y is
y=Bh+n (1)

where 7 is zero-mean circular symmetric complex Gaussian with correlation matrix 02X, and h is
a unknown constunt during I gsymbol intervals and independently changes between intervals.

After using the pilot signal in a part of B, we assume that the perfect frame-synch and knowledge
of the multipath parameter P are available in the system model. We also assume both transmitter
and receiver know nothing about the channel coeflicients h. Finally, adequate guard periods are
between consecutive encoding blocks in order to guarantee zero interblock interference.

2.1 On the arrangement of training sequence

For frame-synch and channel estimation, a transmitted signal B consists of

~ |Bp
2= oo
where
‘bl 0 e 0 7 —bT-l-l bT v bT~P—|~2—
by by - : Db e bropys
BP 2 b3 52 . 0 and IBD L bN
by bs . n 0 by . br
...bT bT—l e bT—P"l‘“l_ TxP | 0 0 e bN - (L—T)XP

are a pilot signal that is known to both transmitter and receiver and the signal transmitted in-
formation, respectively. Base on the system model (1), the received signals of Bp and By would
be

yp =Bph+mnp

and
yp =Bph +np,

where n¥ = [n¥ nf]. Due to additive white Gaussian noise and unknown constant k, ML

estimator of h should be least square estimation

h=(BEBp)'BEy,



under the condition T > P. Let least-square error i = h—h, we can know that k ~ CA(0, o2(BEBp) 1)
because

-~ -~

h=h-h h— (BEBp) 'Biyp
h — (BEBR)'BE (Bph + np)

= —(BEBp) 'Binp.

It

with E[(BEBp) " BEnp] = 0 and
~ ...H _ _ _
ElRR"] = E[BEBp) 'BEnpniBp(BEBp) ] = on(BEBR) .

For the case of P = 1, the Theorem 1 in [1] had showed that this system model we are considering
makes the worst capacity when the estimate error of a training-based system is zero-mean Gaussian
with variance o2 and independent to channel estimation .

A well-known lower bound of mean square error E[||R]|?] [4,8] is

E[R]? = tx (BIRR™]) = o2ur(BEBR)™) 2 ;P (2)

the equality is hold if BEBp = T1. Perhaps the modulation signals make Bp not to satisfy the
condition BEBp = TT. We can use a method in [5] to relax Bp for satisfying ]B*gB p = Sp, where
Sp is a2 matrix that has the least distance ||Sp — TI|. Obviously, to place the pilot signal in the
beginning of B is one of arrangements to make the biggest T in the lower bound (2).

3 Decoding for Partial CSI at Receivers

3.1 ML Decoding Metric

The channel model (1) can be rewritten as _
yp = Bph+Bp(h—h)+np. (3)
We know that Pr(yp|Bp, k) is complex gaussian with mean Efyp] = Bph and covariance
C =21 +BpC;BE = o2 (1 +Bp(BEBR)'BE) .
By Sylvester’s determinant theorem,
det|C] = o2¥det|I+ (BEBR) 'BEBp|.
Since
C? = ;2 (1-Bp(BEB, +BEB)1BE),
the ML decoding criterion for the receiver with partial CSI should be

by = argI%a.xPr(yD}IBD,ﬁ)
fo
1 . .
= — —(yp —Bph)EC YHyp —
argr%%x{w?deti@ exp{—(yp — Bph)"C™ (yp IBDh)}}
= arg Igin{(yD ~Bph)ECyp -~ Bph) - logdet [C|}
io)
= argzin{|lyp ~ Bohl* ~ vEBp (BEBD + BEBr) ” Byp
—logdet I+ (BEBp) 'BEBp|}. (4)

3



Obviously, ML metric consists of two part, the coherent part ||yp — B Dfr,||2 and the non-coherent
part which is the rest of the metric.

We take a look at two extreme cases at the receiver, no CSI (non-coherent receiver) and prefect
CSI (coherent receiver). If there is no CSI at the receiver, it means that Bp is a T x P all-zero
matrix and (4) can be reduced as well-known GLRT criterion

A

. -1 —
buon-con = argmin{~yEBp (BEBD) ™ BEyp +logdet|C 4}

= argmin {—ygBD (BEBp) ™ BEyp + logdet |1 — Bp(BEBy) ' BY |}

2
|P$9D” H

= argmin
g o

where ]P’-b =1-Bp (IBEIBD)‘llBFDI . Otherwise, if the receiver has perfect CSI, i.e., perfect channel

estimation, we have A = 0 and E[fiﬁH] is & all-zero matrix. It would make C = ¢2I and reduce
(4) to be

beot, = argn&li)n{”yD - IBDﬁ|‘2} . (5)

3.2 Numerical Simulations

The channel parameters k used in our simulations is zero-mean complex-Gaussian distributed with
E[hhf] = PI and P = 2. The definition of SNR is

tr (E[RRT)) _ERYR] _ 1

SNR =

2 2 2"
Fn Oa On

We examined the system consist of 7-bit pilot signals Bp = [0,0,0,0,1,0, 1] and (15,11) Hamming
codes. The performance of receivers using traditional coherent coding criterion of (5) and the ML
decoding of (4) are compared in Fig. 1. It shows that ML decoding can outperform the tradition
coherent decoding and the performance gap is about 0.5dB.

4 Code Design

By the inequality in Section III-A of [5], if each Bp can satisfy the self-orthogonal condition
BEBp = NI, (6)

the average SNR, at receivers can be maximized regardless of channel statistics. Due to the identical
reason mentioned in 2.1, the limitation of modulation symbols, sometimes it is impossible to make
every codeword Bp have the property in (6). Therefore, we can relax the condition and make Bp
to satisfy BEBp = Sp, where Sp is one of matrices that has the least distance {|Sp — NI|| based
on the modulation symbol of Bp. Our work on the code design for partial CSI at receivers would
only focus on the signals satisfied BEBp = Sp. Then, ML decoding metric (4) could be reduced as

o . . -1
bur = arg%gn {||yD —~Bph|? — yiBp (Sp + ]Bg]Bp) BgyD} . (7}
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Figure 1: Performance of the ML and traditional coherent decoding for the system with 7-bits
training sequence and (15, 11) Hamming codes. The traditional coherent decoding adopts b as the
true b and use the criterion for perfeet CSI to decode Bp.

4.1 Analysis of Pairwise Error Probability in very High SNR Regime

We define Bp(4) is the é-th codeword in a code C for i =0, -+ ,2% — 1. Let §; = B({)¥B(:) + BEBp,
so that both §; and S;! are Hermitian matrices. For certain channel realization h, if Bp(i) is
transmitted, the pairwise error probability is

Py 2 Pr(|lyp - Bo)hll — yBBo()S; Bo )y, — log (det |1+ (BEBR) Bo (i) Bp(i)))
~llyp — Bo ()R + yBBo(1)S; " Bo(i) yp + log (det 1+ (BEBR) B ()" Bo(5)]) > 0)
- ~ 5 ~
= Pr(2R(yBLish) + h Mk + yBEKi up = 6i5),

where Kij = (Bo())S7 Bo()7 - Bo()ST'Bo()¥ ), Mis = (B()*B() - BG)YE(), Liy =

. , det|T+H(BEBR) " Bo (i) FRp (i . -
Bp(5) ~ Bp(i) and di; = log (d..:t|H+((B§B:))ﬂlB§((j§nggj))|])' Due to yp = Bp(i}h +np and b =

h+ (BEBp) 'BEnp, we have
2R(yELi h) = 2R((Bpli)h+np)ELi;(h + (BEBp)'BEnp))
2R(RABp () HL;jh + nBL; jh + RTBp (i) L. ;(BEBR) " Bine
+ndL;;(BEBp)Bpnp),

> Y- -
R Mish = h"M;;h+niBpBEBp) ™" M, ;(BEBp) ' BEnp
+2R (WM, ;(BEBR) "' BEnp),
and

yEKijyp = (Bop@h+n0)7Ki;(Bo@)h +np)
RTBp ()7 K, jBp(i)h + 2R(AT B (1)K, jnp) + nBK; jnp.
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Let

x = —2R(hFBp()" L k) — REBp()FK, ;Bp(i)h — R¥ M ;h
= —h® (Bp(e)Li; + LEBo (D) + Bp()) K Bp (i) + Mij)
= —hfV;;h,

where V; ; = (]BD('L')HL@J + ij]Bp (i) + Bp () K; ;Bp (i) + Mi,j) and let

x = 2R (n‘g (]K@JBD ('L) + ]L.,‘;,j)h + e (]BD(?:)H]Lg',j + Mi’j) (B‘g]ﬂp) _I]Bgnp) .
Obviously, & is zero-mean Gaussian with variance

o2 = 202||(KiyBp(E) + Lij)h|? + 202 | k¥ (Bp (i) Ly + M) (BEBR) ' BE |
+2hT (K jBp(3) + Li )T Elnhnd | (Ki ;Bp (i) + Lij)h
+2hH (B (4)2L; ; + My ;)(BEBp) ' BE Efnpnl|Bs(BEB,)~ (Bp()FLiy + My )" h*.

Because both np and np are zero-mean circular symmetric complex Gaussian, their pseudo-
covariance matrix E[nni] and Elnpnk] are zero matrices. Then, we know that

2 = 252hHU, ;h,
where
Uy = (Ko yBp (i) + L) 7 (KigBo (i) + Lig) + Bp(6)7 Ly + M; ;) (BEBp) H(LIBp(6) + M) .

By the skill in [6,7], the quadratic terms can be ignored in very high SNR. Finally, we have

+ oy 4
P~ Pr(z2x) =9 (X————”) :
Oy
Because both U; ; and V; ; are Hermitian matrices,
Xz _)‘ma.x(vi.j)“hllz and o—c?: < zagAma:c(Ui,j)”h“Z:

the equalities, are hold if it happens V;; = I and U;; = I, respectively. We obtain a upper bound
in very high SNR

x Ao (Vig) [P +%-)
2 (Jm) s ( T/ 2)\max(Ui,j) ”h” .

We design the codes based on ||h|| = 1 that is the setting is used in simulations for evaluating
conventional systems [4]. Then, our code C can be designed via.the cost function
£(C) = min Amex(Vig) — i | @®
] )\max(Ui,j)

this optimization is regardless to signal-to-noise ratio 1/02.



4.2 Iterative Joint Design Algorithm

‘We provide an iterative algorithm to design the training sequence and code jointly. For convenience,
some notations will be used to mention the algorithm. The signal Bp can be divided to two parts

Bp(i) = Bp + Bp(i),

where
[0 by - br_peo] [b741(3) 0 e 0 ]
o o . bry1{t)
Bp £ o br and Bp (i) = by (@) : - 0 ,
o 0 . 0 0 bn(i) - bryi(d)
o o - 0 (LT P | 0 0 o bw(d) (L-T)xP

where Bp is decided by Bp completely.
For our code design algorithm, after a initial training sequence Bg) is generated randomly,
Simulated Annealing Algorithm [2] is used for searching a good code C%. Based on the %, a

better ]Bg;l) can be obtained via Simulated Annealing Algorithm again or exhausted search. If the
updated Bp satisfies the stop condition, output the code C and Bp. Otherwise, go back Simulated
Annealing Algorithm to continue refining the code and training sequence. We list the details of our
algorithm in the following:

Step 1. Initialize i = 0. (Fenerate Bg) randomnly.
Step 2. Perform Simulated Annealing Algorithm to search a good code C (@) pased on the cost func-
tion (8) with B{Y,

Step 3. Seti=1i+1.

Perform Simulated Annealing Algorithm or exhausted search to look for a good pilot signals

Bg) based on the cost function (8) with C=2),

Step 4. FBY BY = BV BE™ and BY = By Y, output €1 and BY, and the algorithm
stops; otherwise, go to Step 2.
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